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Abstract

We propose to bring together two conceptually complementary ideas: (1) selfconfirm-
ing equilibrium (SCE): at a rest point of learning dynamics in a game played recurrently,
agents best respond to confirmed beliefs, i.e. beliefs consistent with the evidence they
accumulate, and (2) ambiguity aversion: agents, coeteris paribus, prefer to bet on events
with known rather than unknown probabilities, more generally, agents distinguish objec-
tive from subjective uncertainty, which is captured by their ambiguity attitudes. Using as
a workhorse the “smooth ambiguity” model of Klibanoff, Marinacci and Mukerji (2005),
we provide a definition of “smooth SCE” which generalizes the traditional concept of
Fudenberg and Levine (1993a,b), called Bayesian SCE, and admits Waldean (maxmin)
SCE as a limit case. We show that the set of equilibria expands as ambiguity aversion
increases. The intuition is simple: by playing the same “status-quo” strategy in a stable
state an agent learns the implied objective probabilities of payoffs, but alternative strate-
gies yield payoffs with unknown probabilities; keeping beliefs fixed, increased aversion to
ambiguity makes such strategies less appealing. We rely on this core intuition to show
that different notions of equilibrium are nested in a simple way, from finer to coarser:
Nash, Bayesian SCE, Smooth SCE and Waldean SCE. We also prove some equivalence
results, under special assumptions about the information structure.

KEYWORDS: Selfconfirming equilibrium, conjectural equilibrium, uncertainty, smooth
ambiguity.

JEL CLASSIFICATION: C72, D80.

Chi lascia la via vecchia per la via nuova, sa quel che perde ma non sa quel che trova'

1 Introduction

In a selfconfirming equilibrium (or conjectural equilibrium) of a game agents best respond to
confirmed probabilistic beliefs, where “confirmed” means that their beliefs are consistent with
the evidence they can collect, given the strategy that they adopt. Of course such evidence

*Part of this research was done while the first author was visiting the Stern School of Business of New York
University, which he thanks for its hospitality. We thank Eduardo Feingold, Faruk Gul, Johannes Hoerner,
Yuchiro Kamada, Wolfgang Pesendorfer and Bruno Strulovici for some useful discussions, as well as seminar
audiences at Penn, Princeton and Yale. The authors gratefully acknowledge the financial support of the
European Research Council (advanced grant BRSCDP-TEA).

'Ttalian proverb “Those who leave the old road for a new one, know what they leave but do not what they
will find.”



depends on how everybody else plays. This is interpreted as a characterization by means of
a static definition of equilibrium of the rest points of plausible adaptive learning dynamics
in games played recurrently: when a game is played recurrently, agents best respond to
updated beliefs given their accumulated experience, as soon as their beliefs stabilize, agents
start choosing always the same strategies and a rest point is reached.

The SCE concept can be framed within different scenarios. A simple scenario is just
a repeated game with a fixed set of players, where the constituent game which is being
repeated may have sequential moves, and monitoring may be imperfect. To avoid repeated
game effects, it is assumed that players do not value their future payoffs, they simply best
respond to their updated beliefs about the current period strategies of the opponents. Here
we mainly refer to a more complex scenario that is more appropriate for the ideas we want
to explore: there is a large society of individuals who play recurrently a given game I,
possibly a sequential game, possibly with chance moves; for each player/role 7 in ' (male
or female, buyer or seller, etc.) there is a large population of agents who play in role 3.
Agents are drawn at random and matched to play I', then separated and re-matched to
play I' with (almost certainly) different co-players, and so on. After each play of a game in
which he was involved, an agent obtains some evidence on how the game was played. The
accumulated evidence is the data set used by this agent to update his beliefs. Note, there
is an intrinsic limitation to the evidence that an agent can obtain: at most he can observe
the path (terminal node) realized in the game he just played, but often he can observe even
less, e.g. only his monetary payoffs. However, what each agent is really interested about
is the statistical distribution of strategies in the populations corresponding to opponents’
roles, as such distributions determine (via random matching) the objective probabilities
of different strategy profiles of the opponents he is matched with. Similar considerations
hold for chance moves, when their probabilities are unknown. This defines the fundamental
inference problem faced by an agent.

The key difference between SCE and Nash equilibrium is that in an SCE agents may
have incorrect beliefs because many possible underlying distributions are consistent with the
empirical frequencies they observe. Two examples can clarify this point (see Fudenberg and
Levine 1993b, Fudenberg and Kreps 1995).
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Figure 1

Example 1 In the game of Figure 1 there are two Nash equilibrium outcomes (terminal
nodes), A and (D, L). But, assuming ex post observation of the terminal node, or of realized
payoffs, there is a continuum of SCE distributions on terminal nodes of the form aA + (1 —
a)(D, L). The reason is that there may be two endogenously determined “epistemic types” of
agents in population 1: a fraction o of “pessimistic” agents who believe that more than half
of the agents in population 2 play R and a fraction (1 — «) of agents in population 1 who
believes that all agents in population 2 play L. The latter belief is indeed correct: all agents in



population 2 choose their weakly dominant strateqy, corresponding to a conditionally strictly
dominant action, L.> The “pessimistic” agents in population 1 choose the “safe” action A
(across) and obtain trivial evidence (their payoff is 1); their beliefs are necessarily consistent
with the evidence they obtain. The other agents play D and every time observe ex post
(directly, or indirectly via their realized payoff) that the opponent they are matched with
plays L. Their confirmed belief is therefore that all agents in population 2 play L, or —
equivalently - that the probability of L is 1. In such SCEs, the beliefs of the pessimistic

agents are incorrect, but they are (trivially) consistent with their evidence. A
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Figure 2

Example 2 In the “horse” game of Figure 2, player 0 is Chance, or some indifferent
player?® the dotted line means that Chance cannot distinguish D from (A,d) and hence
chooses between L and R with the same objective probabilities, which are assumed to be un-
known to the agents in populations 1 and 2. Assuming that agents can observe ex post the
terminal node, or their realized payoff, there is an SCE with the following features: (1) all
agents of population 1 play A believing that R is very likely and that all agents in 2 play a,
(2) and all agents of population 2 play a believing that L is very likely and that all agents
in 1 play A. The resulting outcome is (A,a). Of course, someone must be wrong, but all
beliefs are consistent with the evidence, i.e. they are confirmed. On the other hand, in a
Nash equilibrium beliefs about the third player (be it chance or a real player), must be correct,
hence they must agree: if R is (believed) more likely, 1 and 2 play (A, d); if L is (believed)
more likely, 1 chooses D. There is no Nash equilibrium with outcome (A, a). A

According to the traditional SCE concept, agents are subjective expected utility (SEU)
maximizers. But when a whole set of underlying distributions is consistent with their infor-
mation, agents face a condition of uncertainty, or ambiguity, rather than risk. It is therefore
plausible to assume that they have non-SEU attitudes toward ambiguity and decide ac-
cordingly. Many models of choice capturing non-Bayesian ambiguity attitudes have been
studied in decision theory (see Gilboa and Marinacci, 2011). The decision theoretic work
which is more germane to our approach distinguishes between objective and subjective un-
certainty: given a set S of states (pure strategies of others, in our application), there is a set
¥ C A(S) of possible probabilistic “models” (strategy distributions); each o € ¥ specifies

Tt can be shown that every SCE distribution on terminal nodes can be induced by SCE strategies that
are not conditionally dominated.

3The only reason to have chance or an indifferent player is to simplify the picture: this way there is no
need to specify the payoffs of this player. Such payoffs are immaterial for the example.



the objective probabilities of states and, for each action a of the decision maker (DM), a von
Neumann-Morgenstern expected utility U(a,o); the DM is uncertain about the true model
0. According to the smooth model of Klibanoff, Marinacci, and Mukerji (2005), KMM
hereafter, this uncertainty is represented by subjective beliefs p € A(X). If DM is Bayesian,
he evaluates each a according to its SEU, by reduction of compound lotteries:

V.50 = [ Ula.o)dp,
but a non Bayesian DM does not carry out a simple reduction of compound lotteries, he
weights the objective EUs in the set {u : 30 € ¥, u = U(a,0)} according to an increasing
function ¢ that captures his attitudes toward ambiguity:

Wman@=¢*(éMmem@.

The Bayesian value obtains when ¢ is linear; DM is ambiguity averse when ¢ is concave, and
if p has full support, as the concavity of ¢ goes to infinity the “Waldean” value

V(a,¥) =minU(a,o)
oey
obtains in the limit.

In our framework, a is the action, or strategy, of an agent playing in role ¢, ¢ is a
distribution of strategies in the population of opponents (or a profile of such distributions in
n-person games), and ¥ is the set of distributions consistent with the database of the agent.
In a selfconfirming equilibrium each agent in each role best responds to his database choosing
the action with the highest value, and his database is the one that obtains under the true
data generating process corresponding to the actual strategy distributions. The following
example shows how this notion of SCE differs from the traditional, or Bayesian, SCE.
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Figure 3

Example 3 Consider the common interest game in Figure 3: assuming perfect feedback
and 0 < x < 3/2.° It is easy to check (see Section 5) that strategy A cannot have positive
probability (i.e., it cannot be played by a positive fraction of agents) in any Bayesian SCE,
and that it can be played if player 1 is sufficiently ambiguity averse. For instance, if player 1
could commit to any objective randomization device,’ strategy A is dominated by the mized

*See Cerreia-Vioglio et al (2011a,b).

>We specify player’s 2 payoffs for definiteness and later reference, but they are immaterial for the point
we make here; player 2 could be Nature, as long as its strategy distribution is unknown.

SWe think that allowing for randomization is questionable. Nonethelss we analyze equilibria with random-
ization in section 6.



strateqy %L + %R, which yields expected payoff 3/2 irrespective of 2’s strategy; according to
the Waldean criterion the value of playing L or R is zero if every distribution on player’s 2
strategies is deemed possible.

Why should every distribution on {£,r} be deemed possible? The reason is that, according
to the selfconfirming equilibrium approach, if an individual in role 1 keeps playing the status-
quo action/strateqy A, he has no way to learn the strategy distribution of the co-player.
A

The example shows that the set of co-players strategy distributions deemed possible
by an agent playing in role ¢ is endogenously determined by the selfconfirming equilibrium
conditions as the set of strategies distributions consistent with the distribution of observations
of this agent given the status-quo strategy he keeps playing and given that each agent is best
responding according to a well defined decision criterion.

Related literature To the best of our knowledge, the papers most related to our idea
of combining SCE with non-Bayesian attitudes toward uncertainty are Lehrer (2011) and
Lehrer and Teper (2009). In these papers a decision maker (DM) is endowed with a “partially
specified probability” (PSP), that is, a list of random variables defined on a probability space.
The DM knows only the expected values of the random variables, hence he is uncertain about
the true underlying probability measure within the set of all measures that give rise to such
values. Lehrer (2001) axiomatizes a decision criterion related to the maximization of the
minimal expected utility with respect to such set of probability measures consistent with the
PSP. Then he defines a notion of equilibrium with partially specified probabilities for a game
in strategic form under the assumption that each player obtains separate feedback about
each opponent’s strategy and this feedback is independent of the strategy he plays. Note
that the latter assumption’ is violated in all the above examples. Under these assumptions
is equilibrium is similar the one we obtain in the “Waldean” case. Lehrer and Teper (2009)
explicitly relate their work to the SCE literature, but the decision criterion they axiomatize
for a given PSP, a kind of dual of Bewley’s (2002) Knightian criterion featuring intransitivity,
is quite different from those considered here.

We are not going to thoroughly review the vast literature on uncertainty and ambiguity
aversion, which is covered by a comprehensive recent survey (Gilboa and Marinacci, 2011).
We only mention that in the paper we rely on the decision theoretic framework of Cerreia-
Vioglio, Maccheroni, Marinacci, and Montrucchio (2011b) that makes formally explicit the
DM’s uncertainty about the true probabilistic model, or data generating process.

The literature on SCE and related ideas is smaller, but it is not covered by any com-
prehensive survey.® Hahn (1973) intuitively, but quite clearly articulates the idea that an
economic system is in equilibrium when agents’ strategies are best replies to beliefs con-
firmed by the evidence generated by the actual strategy profile. Later, Hahn called such
states “conjectural equilibria,” but he did not provide the game-theoretic formalization that
is necessary to express his original idea properly (see Hahn 1977, 1978). Battigalli (1987)
provided a precise a game theoretic definition of such equilibria, explicitly, but only intu-

TAn assumption called “non-manipulability of strategic information” in Battigalli et al (1992).
8For partial surveys, see Battigalli et al (1992) and chapter 6 of Fudenberg and Levine (1998). Cho and
Sargent (2008) briefly survey the macroeconomic applications of the selfconfirming equilibrium idea.



itively motivating it as characterizing rest points of learning dynamics in recurrent games.”

Similarly to our paper, information partitions of the set of terminal nodes (complete paths)
are introduced among the primitives of the framework, and it is noted that strategies in
non-trivial extensive-form games cannot be perfectly observable ex post, even under the as-
sumption of perfect feedback, i.e., of perfect ex post observability of the path. The simple
reason is that contingent choices at off-path information sets cannot be observed. Hence, the
opponents’ mixed strategies consistent with observed frequencies are only partially identified,
leaving players in a state of uncertainty. This makes “conjectural equilibrium” a coarser con-
cept than Nash equilibrium, although a path-equivalence result is established for two-person
games. Battigalli (1987) studied conjectural equilibria satisfying two properties: (i) unitary
beliefs, all the pure strategies in the support of a player’s mixed strategy are best replies to
the same beliefs about others, and (ii) such beliefs satisfy stochastic independence. Although
worth exploring, such properties are not warranted by a rigorous learning analysis, which
was first provided in independent work by Fudenberg, Kreps and Levine (see in particu-
lar Fudenberg and Kreps 1995, and Fudenberg and Levine, 1993a,b). While exploring the
learning foundations for the Nash equilibrium concept, these authors realized that non-Nash
states — called “selfconfirming equilibria” — can be stationary and also asymptotically stable
under learning. Roughly, what they call “selfconfirming equilibria” correspond to Batti-
galli’s conjectural equilibria under the perfect feedback assumption, once the unitary belief
and independence assumptions are dropped. Since then “selfconfirming equilibrium” has
been used for models with perfect feedback, and “conjectural equilibrium” for models where
feedback may be imperfect.! But this is like using different names for equilibria of games
with different rules, as old oligopoly theory used to do. We think a unified terminology is
called for, and adopt here the more self-explanatory “selfconfirming equilibrium” (SCE).
Kalai and Lehrer (1993a,b, 1995) analyzed a similarly motivated notion of equilibrium,
called “subjective equilibrium,” in the context of repeated games, where players have to take
into account the impact of their current actions on the opponents’ future behavior. They
showed that when players best respond to beliefs about their opponents’ repeated-game
strategies and if beliefs and strategies are such that players cannot be “surprised,” then
continuation-strategies and beliefs converge to a subjective equilibrium, which turns out to be
is realization-equivalent to a Nash equilibrium under perfect monitoring. Eyster and Rabin
(2005), Jehiel (2005), Esponda (2008) and Azrieli (2009) proposed equilibrium notions that
can be interpreted as refinements of SCE based on simplicity of agents’ subjective models
of others. Fudenberg and Levine (2006) analyze a refinement of SCE (for a simple class
of perfect information games) based on the idea of steady state learning with extremely
patient and long-lived agents. Battigalli (1987) refined the set of SCE by looking at those
that, intuitively, satisfy a form of common belief in extensive-form rationality (see also
Battigalli and Guaitoli, 1988, 1997). More interestingly, and independently, Rubinstein and
Wolinsky (1994) analyzed rationalizable SCE (in static games), i.e. states where (1) players
are rational, (2) their beliefs are confirmed (but possibly incorrect), and there is common
belief of (1) and (2).!'! Similar ideas have been explored in the context of extensive-form

9The first work in English on this notion of equilibrium is Battigalli and Guaitoli (1988), eventually
published in 1997.

10 An exception to this terminology is Fudenberg and Kamada (2011): they analyze a generalization of Bat-
tigalli’s conjectural equilibrium that allows for correlated beliefs and call it “partition confirmed equilibrium.”

"1n static games, this refines Battigalli’s (1987) equilibria, who only rest on the assumptions of rationality,



games by Dekel et al (1999), Battigalli (1999), Fudenberg and Kamada (2011), and in the
context incomplete-information games by Battigalli and Siniscalchi (2003), Esponda (2011)
and Letina (2011).!2

The rest of the paper is structured as follows. In Section 2, after a few preliminaries, we
start describing the main idea in recurrent decision problems where the state of nature has
an unknown distribution. In Section 2 we introduce some key concepts in a decision theoretic
context. Then we analyze games: we propose definitions of selfconfirming equilibrium with
ambiguity attitudes (Section 3.2) and we carry out some key comparative statics exercises
(Section 4). After an illustrative example (Section 5), we explore the consequences of allowing
commitment to objective randomization devices (Section 6). We conclude with a detailed
discussion of some important theoretical issues (Section 7).

2 Recurrent decisions

We first introduce our concepts in the context of a recurrent decision problem where the
outcome of the decision maker’s (DM) strategy depends on the state (or strategy) of nature.

2.1 Mathematics

Given any measurable space (X, X), we denote by A (X) the collection of all probability
measures v : X — [0,1]. When X is finite, say with cardinality n, we assume that X = 2%
and we identify A (X) with the simplex of R™.

We endow A (X) with the smallest o-algebra that makes the real valued and bounded
functions on A (X), of the form v — v (F), measurable for all E € X. When X is finite this
o-algebra coincides with the relative Borel o-algebra that A (X)) inherits as the simplex of
R™. Finally, we also endow any measurable subset ¥ of A (X) with the relative o-algebra,
inherited from A (X), and we denote by A (X) the collection of all probability measures
defined on such o-algebra. Among them, J, denotes the Dirac measure concentrated on
x € X, e, 0z (x) =1.

Given (X, X) and (Y,)), a pair of measurable spaces, we endow the Cartesian product
X x Y with the product o-algebra X x ). For example, X and ) are either finite or Borel
o-algebras of separable metric spaces. We denote by A (X) ® A(Y) the collection of all
product probability measures. Moreover, each measurable function ¢ : X — Y induces the
pushforward map ¢ : A(X) — A(Y) defined by

p(v)=vop ! Vv e A(X).

In other words, we have that ¢(v)(E) = v(¢~'(E)) for all E € ).
Finally, A* (X) denotes the collection of all affine functions ¢ : A(X) — R, that is,
plav+ (1 —a)V)=ap )+ (1 —a)e (V) for all « € [0,1] and all v,/ € A (X).

confirmed beliefs, and common belief in rationality (but not in confirmed beliefs).

12Esponda and Letina provide rigorous, epistemic and algorithmic characterizations rationalizable selfcon-
firming equilibrium. Battigalli (1999) and Battigalli and Siniscalchi (2003) also provide algorithmic charac-
terizations, but they refer to the extensive-form epistemic analysis of Battigalli and Siniscalchi (1999, 2002)
for a rigorous epistemic characterization, which is therefore not provided explicitly.



2.2 The decision problem

We assume there is a large population of DMs.!? In each period, each of them faces the same
decision problem which consists of a finite state space Sy, a finite strategy space Spys, and a
finite outcome space Z. This may be a decision problem in extensive form representable by a
decision tree with moves by the DM and moves by Nature. In this case S;, with ¢ € {DM, N},
is the set of pure strategies of 4. In this paper we do not address dynamic consistency issues:
we assume that the DM commits to a particular strategy that is automatically implemented
in the decision problem. Hence Spjs is the set of actions which DMs can choose from and,
to ease notation, we write A in place of Spys and €2 in place of Sy.

An outcome function

(:AxQ—Z

maps actions and states to “outcomes”. The set of outcomes Z should be interpreted as the
set of terminal nodes of the decision tree.!* Such terminal nodes give rise to consequences
c € C according to a function'®

v:Z—C.

Ex post, DMs receive a message m € M according to a feedback function
f:Z— M.

The function f maps outcomes to messages. A DM that gets message m knows that the
realized outcome belongs to the set f~1(m) C Z.

Together the outcome and the feedback functions determine the message function
F:AxQ—>M

given by F' = fo(, that is, F' (a,w) = f (¢ (a,w)) for all action/state profiles (a,w) € A x .
Let Fy, : Q — M be the section at strategy a of F' defined by F, (w) = F(a,w) for all w € .
When each Fj, is one-to-one, under each action different states of Nature generate different
messages. Thus, ex post DMs learn the true state upon receiving the message. This, however,
can happen when two conditions are satisfied: (i) the section (, is one-to-one, i.e., in the
decision tree Nature has no move following a move by DM, and (ii) the feedback function f
is one-to-one, i.e., there is perfect feedback. Note that under perfect feedback it is wlog to
set M = Z and f =1dy.

Elements o of A (Q2) are interpreted as the vectors of “objective” probabilities that each
state w obtains, that is, as possible probabilistic models for states. If the decision problem
is viewed as a game with Nature then o is a mixed strategy of Nature. Thus, the true model
can be seen as Nature’s actual mixed play.

13The existence of many DMs plays an important role only in our game-theoretic analysis. Nevertheless,
in order to be consistent, we mention it also in this section even though we mainly focus on a specific DM.

"Thus, this is the same as the “outcome function” in chapter 6 of Osborne and Rubinstein (1994), gener-
alized to games with imperfect information.

15We could simplify the notation identifying terminal nodes and consequences, but we feel that introducing
the consequence function explicitly improves conceptual clarity.



Elements a of A(A) can be seen as mixed actions implemented by a random device,'6

— in our preferred interpretation — as statistical distributions of actions in the population of
DMs. In both cases, « (a) is the “objective” probability that the DM (or a DM chosen at
random) selects a.

or

A distribution on A x €, in particular a product distribution « x o, delivers a random
message. Specifically, each message function ' : A x  — M induces a mixed message
function F': A (A) ® A(Q) — A(M), where

F(ax o) (m) = (axa) (F~(m))

is the probability that a DM observes an ex post message m given the product measure
a X o of a mixed action o and a model o. We will mostly take the point of view of a DM
who chooses a pure action a, but we will also consider the case of randomization, hence our
general notation. We denote by p a generic mixed message in A (M).

2.3 Criteria

The stage decision problem features two sources of uncertainty: state uncertainty within
each model and model uncertainty across different models.

As to state uncertainty, given a model o the DMs evaluate actions a through their
expected utility

Ula,0) =Y u((a,w)o(w) (1)
we
where u = voy:Z — Rand v : C — R is a von Neumann-Morgenstern (vNM) utility
function, which captures the attitudes toward risk of the DM.'" Our main results rely on
the assumption that payoffs are observable: the payoff function v is f-measurable, that is,
f(z) = f(2) implies u (z) = u(2’) for all z,2' € Z.

As to model uncertainty, let U (a,-) : A(©2) — R be the affine function that, given an
action a, associates to each model o its expected utility (1). Suppose that, based on his
information, the DM knows that the true model o belongs to a compact subset ¥ C A (£2).
In other words, he is able to posit a set X of possible models, a standard assumption in
classical statistics. The payoff scope of model uncertainty for the DM that chooses action a
is thus described by the expected utility profile {U(a,0) : 0 € ¥}.

The simplest criterion to deal with both state and model uncertainty is the Waldean
criterion, which ranks actions according to

Via,X) = 2161121(] (a,0). (2)

This criterion, due to Wald (1950), does not assume any knowledge on models other than
what is necessary to posit . In particular, no prior probability appears. In contrast, the

Y6 Random devices (e.g., roulette wheels and dice) feature probabilities that can be computed according to
Laplace’s classical notion.
"For example, if v : Z — [r, 7] C R specifies monetary payoffs and u is concave then the DM is risk averse.



18 ranks actions according to

V(a.p5) = /E U (a,0) dp (o) (3)

where p € A (X) is a prior probability on the possible models, a subjective probability that
quantifies the DM personal information on models. Set

p<.>:/za<.>dp<a>.

The reduced probability p € A(Q) is the predictive probability on states induced by the prior
p. Using the predictive probability, we can write

[V @dp(o) = X u (@) ) = Ulap),

we

classical Bayesian criterion

The predictive form U (a, p) is a “reduced form” of (3). Note that p is a subjective probability,
so that U (a,p) is a subjective expected utility criterion a la Savage (1954), while U (a,0)
was a VINM one.

DMs may well be ambiguity averse, that is, they may dislike having a range of possible
vNM expected utilities {U(a, o) : ¢ € ¥} that is not a singleton because of model uncertainty.
For this reason the classical smooth ambiguity criterion ranks actions according to

ViarZio =6 ([o W) (1)

where p € A (X) is a prior probability on ¥ and ¢ : InU — R is a strictly increasing con-
tinuous function that describes ambiguity attitudes.'® In particular, a concave ¢ captures
ambiguity aversion, while a linear ¢ corresponds to ambiguity neutrality. The smooth cri-
terion thus relaxes the assumption that agents linearly combine attitudes toward state and
toward model uncertainty, which are allowed to differ.

The Waldean and classical Bayesian criteria can be viewed as, respectively, a limit case
and a special case of the classical smooth criterion. For, under ambiguity neutrality the
smooth model reduces to the Bayesian one (3), while under extreme ambiguity aversion —
that is, when ambiguity aversion “goes to infinity” — the smooth model reduces to the limit
to the Wald criterion (2) provided that supp(p) = X. We refer the reader to KMM for
details. Note that the Bayesian criterion should be written as V (a,p, ¥;Idgr) as a special
smooth criterion; to ease notation in what follows we will keep writing V (a,p, X).

We will briefly consider the possibility that a DM can delegate his choice to a random
device, thus implementing a mixed strategy o € A(A). All the formulas above can be
adapted, replacing a with « and U(a, o) with the vNM expected utility

Ule,0) =Y ala)U(a,0).

acA

'8See Cerreia-Vioglio et al (2011b) for a derivation of this model and a discussion of its relations with
Savage (1954). The adjective “classical” here and for the smooth model below is due to the classical statistics
assumption of a class X of possible models.

The criterion is due to Klibanoff, Marinacci, and Mukerji (2005). With a slight abuse of notation, here
ImU is the smallest interval that contains U U (a,-), i.e., its convex hull.

acA
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2.4 Recurrent decisions and status quo

The decision problem is faced recurrently by a large population of DMs. In each period one
of them is drawn at random and faces the stage decision problem. In most of the paper
we assume that DMs select pure actions a. Mixed actions « are interpreted as population
action distributions, that is, a(a) is the fraction of DMs who choose a when selected for the
stage decision problem. In a classical approach a la Laplace, this fraction is the “objective”
probability that a DM drawn at random chooses a. Formally, action distributions and mixed
actions are identical, in the spirit of the Nash mass action interpretation (see, e.g., Weibull,
1996). In Section 6 we will also consider the case where a DM can play a mixed strategy «,
therefore our general formulas encompass this case too.

To abstract away from learning issues, we interpret mixed action also as the empirical
frequency of actions actually chosen by DMs, that is, a(a) is also the long run frequency
with which a is chosen by the DMs who have been drawn for the stage decision problem. In a
frequentist approach a la von Mises, this frequency is the “objective” probability that a DM
drawn at random chooses a.2’ The probabilities that « features thus have a dual, classical
and frequentist, interpretation as both population distributions and empirical frequencies.
Such duality relies, heuristically, on a “long run” that is long and stationary enough for
asymptotic ergodic-type results to hold.

A similar dual interpretation applies to o, where o (w) is both the classical probability
with which Nature (regarded as a random device) selects state w at each stage and the
empirical frequency of such state.

In view of all this, mixed messages p of A (M) can be interpreted as long run frequency
distributions of messages received by DMs, so that p (m) is the empirical frequency of message
m. In particular, the pushforward map F : A (A)® A (Q) — A(M) associates to each profile
(a, o) the message distribution

Flaxo)(m)=(axo) (F~1 (m)) Vm e M

which is the probability that DMs observe message m given an action distribution « and a
model o. Because of the dual nature of a and o, such probability is both the “objective”
probability that each stage generates message m and the empirical frequency with which
DMs receive such message.

Consider the section E, : A(Q) — A (M) defined by F, (¢) = F(a x o). Its inverse
correspondence F;! partitions A () in equivalence classes

Fgl(u):{UEA(Q):F(axa):u}

of models that are observationally equivalent given that « is played and the frequency distri-
bution of messages p is “observed” in the long run. In other words, Fa_ L () is the collection
of all models that may have generated p given o. The DMs regard Foj L(u) as the set of
models consistent with evidence p given «; for this reason, we say that they are long run
empiricists.

20This frequentist interpretation actually requires that the stage decisions be independent (an “ergodic” in-
terpretation of probabilities as time averages hold, however, more generally; see Lith, 2001, and the references
therein).
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The inverse correspondence is compact valued. It is a function if and only if F, is one-
to-one; in this case the decision problem is identified under «. Different models generate
different message distributions which thus uniquely pin down models. It is the counterpart
in our setup of the classic notion of identifiability (see, e.g., Rothenberg, 1971). Accordingly,
we only have partial identification when F, is not one-to-one. In the extreme case when
F, is constant — that is, all models generate the same message distribution — the decision
problem is completely unidentified.

For each oo € A (A), consider the correspondence
Ta=EF 1o Fy: A(Q) — 28
For any fixed o* € A (€2), the image
Ta(a*):{aeA(Q):F(axa):ﬁ'(oaxa*)} (5)

is the collection of models that are observationally equivalent given o and the message
distribution pu = F (a X 0*) that « generates along with model o*.

We can thus regard 7, as the identification correspondence determined by «. It is easily
seen to be compact valued and nonempty (since o € 74 (0)). It is a function if and only if
F,, is one-to-one. In this case, 7 is the identity function, with 7, (o) = o for all o € A (),
and so message distributions identify the true model.

Given a mixed strategy «, its identification correspondence partitions A () in sets
Ta (0) of observationally equivalent models. Next we show that, under the observable pay-
off assumption, such models share the same expected utility, that is, the function U (a, ) :
A (Q) — R is measurable with respect to the partition determined by 7.

Lemma 4 Under observable payoffs, given any o € A () and any o € A(A), it holds
U(a,a') =U(a,0) Vo' € 74 (0).

In the lemma a key status quo bias emerges. For, suppose that the agent keeps playing,
for example, a pure action a and that o is the true model, so that 7, (o) is the relevant
evidence for his stage decision. By the lemma, the function U (a,-) is constant on 7, (o),
that is, the agent does not perceive any model uncertainty in his evaluation of the “status
quo” action a. In contrast, model uncertainty may affect the evaluation of any other action
a’ since the function U (@', -) might well be nonconstant on 7, (¢). This status quo bias will
play a key role in Theorem 9, the paper main result.

Proof Since payoffs are observable, there exists a function @ : Im f — R such that u = uo f.
For each ¢/ € A (Q) it holds

Ula,o') = > ) (uof)(¢(a,w))0 (w)ala)

acEA weN
= Y N @oF) W) o wala) = > a(m)Fa(o)(m).
a€EA weN meM
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This implies U (a, 0’) = U (o, 0) if F, (0') = F,, (0), that is, if o' € 74 (0). |

Identification correspondences with larger images exhibit a higher degree of partial iden-
tification. We now show that, ultimately, such degree depends on the underlying feedback
functions. To this end, given any two feedback functions f and f, say that f is coarser than
fif it is f-measurable, that is, f (2) = f (2/) implies f (z) = f (¢') for all 2,2’ € Z.

For example, if f = u (DM only observes his payoffs) and f = Idz (DM observes the
outcome, or terminal node of the decision tree), then f is trivially coarser than f. DMs with
coarser feedback functions have worse information on outcomes. Clearly, constant feedbacks
are the coarsest ones, while perfect feedbacks are the least coarse.

Lemma 5 If f is coarser than f, then, for all a € A(A),
Ta(07) C 1o (07) Yo e A(Q).

Coarser feedback functions thus determine, for each action, coarser identification corre-
spondences: worse information translates into a higher degree of partial identification.

Proof There is a function ¢ : Im f/\—> M sugh that f = ¢ o f. Hence, F = po F. Fix
o* € A(Q) and 0 € 7, (¢*), so that F,, (0) = F (c*). We have

o € Tolo") <= F,(0)=F,(c%)
< o0(Fa=m)=0"(Fy=m) VYm e M
— o(poFy=m)=0"(poF,=m) Ym e M
— o(Facp L(m)) =o* (Fa€<p_1(m)) Ym e M
— F, (o) (cp 1 (m)) =F, (o) (gp_l (m)) VYm e M
Since f‘a (o) = f’a (c*), we conclude that o € 7, (c*). [ |
We close with a remark on notation: in the sequel, we set X(c,u) = E7'(n) and

2(04,0') =Ta (0) By (5)7

A

S(a,0) = (a, F (a x o). (6)

2.5 Selfconfirming decisions

We begin with the general notion of selfconfirming decision for the smooth classical criterion
(4). We focus on the case where DMs can only choose pure actions. Given an action distri-
bution « in the population of DMs, a key issue for this notion is whether DMs have access
to a kind of public database (e.g. provided by the media), or obtain only the observations
generated when they choose their action a when they are drawn (individual database). If o
is the true model, i](a, o) is the set of models consistent with the message distribution in
the public database, while i](a,a) is the set of models consistent with individual database
of a DM playing a. Though we will focus on individual databases, a similar analysis can be
carried out for public ones (see the discussion in Section 7.3).

That said, here is our general notion of selfconfirming decision with individual databases.
The goal is to describe distributions of actions/strategies that are stationary because each
DM’s beliefs are confirmed.
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Definition 6 Suppose o* is the true model. An action distribution o is a smooth selfcon-
firming decision (SCD) if, for each a* € suppa*, there is a prior p* € A(i (a*,0%)) such
that

V(a*,p*,i(a*,a*);d)) > V(a,p*,f)(a*,ff*);éf)) Va € A (7)

The “confirmed rationality” condition (7) can be written as

a* € arg max/ ¢ (U (a,0))dp*(o)
acA S(a*,0*%)

and ensures that a* is a best reply that takes into account the available evidence. Specifically,
each action a* chosen by a positive fraction o*(a*) of DMs must be a best response within
A to the statistical distribution of messages F(a* x 0*) € A(M) generated by selecting a*
when the true model is ¢*. Since the available evidence depends on the chosen action a*,
also the belief “justifying” a* as a best response may depend on a*. Since A is finite, for any

given p* the maximization problem has a solution.?!

Extreme ambiguity attitudes determine two notions of selfconfirming decision. Specifi-
cally, an action distribution a* is a:

(i) Waldean SCD if, for each a* € supp a*,

a* € argmax min U (a,0);
a€A seSi(a*,0*)

(ii) Bayesian SCD if, for each a* € supp o, there is a prior p* € A(i(a*, 0*)) such that

a* € arg max/ U(a,o)dp* (o).
acA S(a*,0%)

Note that when the decision problem is identified under all actions — that is, 3 (a, o) =
{o} for all a € A and all 0 € A () — confirmed rationality require consistency with the true
model and the smooth criterion reduces to a vINM expected utility with respect to the true
model. The confirmed rationality condition becomes a* € arg maxq,e4 U (a,0%).

2.6 An urn example

Consider an urn that contains 90 balls: 30 are red (R), 30 are blue (B), and 30 are yellow
(Y). In every period a DM is randomly selected from a population and is asked to bet 1
euro on the color of the ball that will be drawn from the urn in that period. The selected
DMs just know that R, B, and Y are the only possible colors. After each draw the DMs are
told the result of their bets, that is, whether or not they won 1 euro.

2INote, since we are considering the case of individual databases and ¢* is exogenously given, the equilibrium
conditions only restrict the support of «*. But in the game theoretic extension to follow, o* will be the
“endogenous” distribution of strategies of a co-player who is also maximizing given confirmed beliefs and the
equilibrium conditions will restrict also the probabilities of strategies in the support of o*.
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Here the state space is Q = {R, B,Y}, the action space is A = {1g, 15, 1y}, the set of
terminal nodes of the decision tree is Z = A x Q, hence ( = Idz, and the message space is
M ={0,1}. Since ( =1dz, f = F : A x Q — R; in particular:

F(1g,R)=F(15,B)=F(ly,Y) =1
and
F(1r,B)=F(1r,Y)=F(1p,R)=F(1p,Y)=F(1ly,R)=F(1y,B) =0.

Suppose a DM keeps betting on red, that is, his action is 1z. As a result, he imperfectly
observes the draws: he can only observe whether the color is red (message 1: he won) or
not (message 0: he lost). Such DM’s action prevents him from obtaining evidence on the
frequency of B and Y: given his betting he only gets either message 0 or 1. In particular,

Fip(0)={neA({0.1}):p(1) =0 (R)}  VoeA(Q).

Suppose one third of the draws yield message 1 and two third yield message 0, that is,
we A({0,1}) given by

is the long run frequency distribution of messages that such DM receives. He thus learns
that 1/3 of the balls are red, at most 2/3 are blue, at most 2/3 are yellow, which give rise
to the set

Spp) = PR ={c€ ARBY): F(laxo) =)}

1r

_ {aeA(R»B>Y):°'<R)_Z1’>}

is the collection of all possible urn’s compositions given their bets on R and frequencies of
messages received p. Identifiability is thus only partial.
Since the true model o* € A (R, B,Y) is such that

we can write:

S (1p,0") = TlR(J*):{JGA(R,B,Y :F(lRXU):FuRXU*)}
= {0€A(R,B,)Y):0(R)=0"(R)}

_ {aeA(R,B,Y):o(R):;}

The sets ¥ (1, ) and 2 (1r,0™) are equal, despite capturing respectively a subjective and
an objective perspective, because = Fi, (0*).

Turning to selfconfirming decisions, set u (0) = 0 and u (1) = 1, so that payoffs are
observable and U (1,,0) = 0 (w) for each w € {R, B,Y}. Since

—

and min U(lg,0)= min U (ly,0)=0

min U (lgr,0) =
( ) ceS(1R,0%) ceS(1R,0%)

065](11%,0*)

Lo =

15



action 1g, i.e., betting on red, is a strict Waldean SCD. A similar conclusion can be reached
for smooth selfconfirming decisions under enough ambiguity aversion.

In a Bayesian setting, each prior p € A (f}(lR,o*)) induces a predictive p € 3(1g, o*)

given by
1
PR = [ omdn(n) =3
E(leo'*)

so that U (1g,p) = 1/3. Consider two cases:

(i) p(B) =p(Y): then p(B) =p(Y) =1/3, and so U (1p,p) = U (1y,p) = 1/3. In this
case 1p is a Bayesian selfconfirming decision (though not strict, i.e., the argmax is
nonsingleton).

(ii) p(B) # p(Y): wlog suppose p(B) > p(Y), and so p(B) > 1/3, which in turn implies
U (1p,p) > 1/3. In this case 1 is not a Bayesian selfconfirming decision.

3 Recurrent games

In this section we extend the previous analysis to general games, our main object of interest.

3.1 Games with feedback and ambiguity

We consider a finite extensive-form game with perfect recall and no chance moves played
recurrently between agents drawn at random from large populations. Since we need not be
explicit about all the details of the extensive form, we specify our notation only for some
primitive and derived objects. The rules of the game directly or indirectly determine the
following elements

e populations, or player roles i € I,
e complete paths, or terminal histories z € Z,
e pure strategies s; € S; for each i € I,%?

e a path function ¢ : S — Z specifying the the terminal history ((s) determined by each
strategy profile s = (s;)ier € S = X;e15;,

e a consequence function v : Z — C specifying the material consequences ¢ € C of each
terminal history z € Z,

e a feedback function f; : Z — M for each i € I specifying the message received ez post
by an agent playing in role ¢ as a function of the terminal history z.

It may be useful to think of the above elements as what can be implemented in a lab-
oratory experiment. In particular, the designer specifies the rules. Such rules include the
ex post information feedback f = (f;)icr, which typically does not appear in the standard
mathematical definition of game, and a function v = (v;)icr : Z — R! that gives the mon-
etary payoff distributions induced by sequences of actions (thus, C' C R’ in this example).

220f course, S; is determined by the game tree and the information structure for .
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On the other hand, the designer cannot control subjects’ preferences, notably absent from
the above list.

But, as analysts, we need to specify preferences over objective and subjective lotteries
of consequences. We assume for simplicity that populations are homogeneous, that is, all
agents in the same population ¢ € I have the same preferences:

e v;: C — R is a vNM utility function capturing i’s attitudes toward risk,?3

e ¢, : [min.cc ui(c), max.ccu;i(c)] — R is a strictly increasing weighting function cap-
turing ¢’s attitudes toward ambiguity as in KMM.

Like the feedback functions f, the weighting functions ¢ = (¢;);er do not appear in the
standard theory, as they are implicitly assumed to be linear. The standard definition of
game is a structure?t

L= (I,..,7 (v)icr),

where the dots refer to the details of the game tree and information structure. We keep
the parameters specified by I' fixed throughout our analysis, while we look at the effects of
changing f or, more importantly, ¢.

A game with feedback is a pair (I, f). We say that such a game features observable payoffs
when each payoff function u; = v;oy : Z — R is f;-measurable, that is, f; (2) = f; (2/) implies
u; (2) = u; (2') for all 2,2’ € Z. An important special case is perfect feedback, where each i
directly observes the path, that is, M = Z and f; = Idz for each i.2° To anticipate, some
notions of selfconfirming equilibrium, including the standard one which assumes Bayesian
agents, refer to a game with feedback. But our main equilibrium concept refers to a game
with feedback and ambiguity attitudes, that is, a triple (T, f, ¢).

As a matter of interpretation, we have to ascribe some knowledge of (I, f,®) to the
agents. In order to make sense of the following analysis, we informally assume that each agent
in population ¢ knows the extensive form, the feedback function f;, the random matching
structure, and — of course — the utility function v; and weighting function ¢;. No additional
knowledge, mutual knowledge of common knowledge of (I', f, ¢) is required until further
notice (see our discussion of rationalizable selfconfirming equilibrium in Section 7.2). The
assumption of no chance move is made for simplicity, without substantial loss of generality.
Chance can be modeled in this framework as a player with a constant utility function,
assuming that agents have no knowledge of the objective probabilities of chance moves.
The analysis can be easily adapted to incorporate complete or partial knowledge of such
probabilities.

The (strategic-form) message function F;: S — M is given by F; = f; o (. In turn, each
message function Fj : S — M induces a message distribution function F; : A (S) — A(M),

ZFor example, if v = (v;) : Z — R and i is selfish, u;(v(2)) = vi(7,;(2)), where v; is concave if i is risk
averse.

24 Often the consequence function does not appear explicitly. We introduce it here for conceptual clarity.

¥ Perfect feedback was assumed by Fudenberg and Levine (1993a) and Fudenberg and Kreps (1995). Tt is
also reasonable to assume that f; reflects perfect recall, that is, if the sequence of information sets and actions
of i determined by path 2’ is different from the sequence determined by path 2", then f;(2') # fi(2""). This,
however, does not play an explicit role in our analysis because we assume that an agent takes into account
the strategy he is playing when he considers the possible strategy distributions of the opponents consistent
with the evidence he observes.
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where Fi(ai x o_;) (m) is the probability that i observes message m given the strategy
distribution o; of his role and the strategy distribution o_; of his opponents’ roles.

If ¢ plays the pure strategy s; and observes the long-run frequency distribution of messages
€ A(M), then i can compute the set of (product) strategy distributions of the opponents
that may have generated p given s;:

E_i(si,u) = {U—i € ® A(S]) : E (Si X O'—i) = ,u} .
J#u

If 0_; = xjx;0; is the strategy distribution of his opponents’ roles, the long-run frequency

distribution of messages observed by i is the one induced by the objective distribution s; xo_;,

that is, u = F; (s; X 0_;). The set of possible distributions from 4’s perspective is thus

~

Y_i(sio—i) =X (5i7E (si % 0'4)) ,

which is the game theoretic version of (6). Note that ¥_;(s;, ) is a compact subset of

@ A(Sj). It is convex in two-person games, and “coordinate-wise convex” in games with
J#i

perfect feedback.?® The same holds for ¥_;(s;,0_;), which is also nonempty, as it contains
o_j.

We obtain the decision problems analyzed above as a special case when I = {DM, N} and
uy is constant. In particular, the decision criteria previously introduced are easily extended
to this game theoretic setting. Here (1) becomes

Ui(sivo—i) = > wilC(siys-i))o—i(s-4),

S_;ES_;

with u; = v; o7, so that the smooth criterion (4) becomes

Vi (50,90, 156) = 67 ( | ew <s,~,o_i>>dpi<a_z~>>

where p; € A(X_;) is a prior of ¢ on his opponents’ possible strategy distributions. The
Waldean and Bayesian criteria are, respectively,

Vi (SZ', E,i) = min Ui (Si, O'fi)

o_;EX_;

and
Vi (51205 Si) = / Us (sis0—i) dp (o) -
PO

*More generally, in games with “ex post observable deviators,” i.e., games where F; '(m) is a cross-product
for each ¢ and m. On “observable deviators” see Fudenberg and Levine (1993a) and Battigalli (1997).
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3.2 Selfconfirming equilibrium

Next we give a general definition of selfconfirming equilibrium for the smooth criterion that
restricts agents to choose pure strategies, so that “mixed” strategies arise only as distribu-
tions of pure strategies within populations of agents.27

Definition 7 A profile of strategy distributions o* = (07 )ier is a smooth selfconfirming
equilibrium (SSCE) of a game with feedback and ambiguity attitudes (T, f, ) if, for each
i € I and each s} € supp o, there is a prior pf € A(X_;(s},0*,)) such that

Vi (100, Soilsi, 000 04) = Vi (5000t (sl 075 ) (®)
for each s; € S;.

This “confirmed rationality” condition extends condition (7) to general games and can
be written as

st € argmax [ 60 (Us (51,00)) dpi (04).
$i€5i S5 i(st.0%)

It requires that every pure strategy s; that a positive fraction o7 (s;) of agents keep playing

must be a best response within S; to the “evidence”, that is, the statistical distribution of

messages Fj(s;, o*,) € A(M) generated by playing s} against the strategy distribution o*,.
A profile 6* = (07)ier is a:

(i) Waldean selfconfirming equilibrium (WSCE) if, for each ¢ € I and each s} € supp o7,

s; € arg max ‘min Ui (8iy0-4); 9)
5i€Si g_,e5_4(st,0% ;)

(ii) Bayesian selfconfirming equilibrium (BSCE) if, for each i € I and each s} € suppo?,
there is a prior p} € A(X_;(s},0%*;)) such that

s; € arg max[ Ui (si,0-;)dp; (0-4); (10)
$;ES; E—i(sryaii)

(iii) symmetric selfconfirming equilibrium if o is a pure strategy profile, that is, all agents
in the same role play the same pure strategy.

The definition of Bayesian selfconfirming equilibrium subsumes the definition of conjec-
tural equilibrium due to Battigalli (1987) (see also Battigalli and Guaitoli, 1997) and the
definition of selfconfirming equilibrium of Fudenberg and Levine (1993a) as special cases.
Battigalli (1987) allows for general feedback functions f;, but considers only symmetric equi-
libria and assumes independent beliefs.?® Fudenberg and Levine (1993a) implicitly assume
that f; is the identity for each i (players perfectly observe the whole path of play).

27 At the interpretive level, we are not assuming that agents are prevented from using randomization devices:
it may be the case that agents in population ¢ have a set S; C S, of “truly pure” strategies and that S; includes
a finite set of choices that are realization equivalent to randomizations over S;. Of course the definition of F;
has to be adapted accordingly, as F;(s;, s—;) is a random message when s; is a randomization device.

28 Battigalli (1987) also allows for randomization. Equilibria where agents choose randomized strategies are
discussed in the next section.
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Like these earlier notions of SCE, our more general notion is motivated by a partial
identification problem: the mapping from strategy distributions to the distributions of ob-
servations available to an agent is not one to one. In fact, if for each agent ¢ identification is
full - i.e., $_i(si,0_;) = {o_;} for all s; and all o_; — condition (8) is easily seen to reduce to
the standard Nash equilibrium condition U; (s;-*, U*_Z-) >U; (si, Uii). In other words, if none
of the agents features a partial identification problem, we are back to the Nash equilibrium
notion (in its mass action interpretation).

Finally, note that ambiguity aversion may give rise to dynamic inconsistency issues: as
the play unfolds, an agent may have incentives to deviate from an ex ante optimal strategy.
As we mentioned, we avoid this problem by assuming that ¢ just commits to a strategy that
is then automatically implemented. We already clarified that it is important for ambiguity
averse agents whether randomization is explicitly allowed or instead mixed strategies o; arise
as pure strategy distributions in the population of agents who play in role ¢: we will see that
the definition of SCE where agents cannot randomize is not a special case of the definition
of SCE where agents can choose any randomization they like. In Sections 6 and 7 we will
say more on this.

4 Comparative statics and relationships

Looking at games with feedback and ambiguity attitudes, we can carry out some key com-
parative static analysis in information and ambiguity. From this we also derive some results
about relationships between equilibrium concepts. To this end, observe that:

(i) a feedback profile f is coarser than f if, for each i, f; is coarser than f;;

(ii) an ambiguity profile ¢ is more ambiguity averse than ¢ if, for each i, ¢; is more
ambiguity averse than ¢,.?"

A coarser feedback characterizes agents with less private ex post information, while higher
ambiguity aversion characterizes agents with a higher dislike for model uncertainty. Clearly,
any feedback profile is coarser than the perfect feedback profile f = (Idg,...,Idz), while
any ambiguity averse profile ¢ is more ambiguity averse than the ambiguity neutral profile
¢ = (Idg, ..., Idg).

Accordingly, we say that:

(i) game (T, f,®) has coarser feedback than (F, f, (;5) if f is coarser than f;

(ii) game (T, f, @) is more ambiguity averse than (F,f, q@) if ¢ is more ambiguity averse

than ¢.

Note that the comparison of ambiguity attitudes does not require that the profiles them-
selves be ambiguity averse. It only matters that one profile be comparatively more ambiguity
averse than the other (something that can happen even if both are ambiguity loving).

29That is, there is a concave and strictly increasing function ¢, : Im ¢; — R such that ¢, = ¢, 0 $;. On this
comparative notion see KMM.
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We can now turn to the comparative static analysis. We begin by studying how equilibria
are affected by changes in information feedback.?’

Proposition 8 Suppose (T, f, @) has coarser feedback than (F, f, ¢). Then, the SSCEs of
(F,f, qS) are also SSCEs of (I, f, ¢), while the WSCEFEs of (F,f) are WSCEs of (L, f).

Proof Let ¢* be a SSCE for less coarse game (F,f, (b). By Lemma 5, i,i(sj,aii) C
2_1-(3;7, o*,) for each ¢ and s} € supp o}, which easily implies that o* be a SSCE for (T, f, ¢).
A similar argument holds for WSCE. |

Worse feedback thus enlarges the set of SSCEs and WSCEs. Next we show that the
same is true under higher ambiguity aversion. It is the paper main result, which relies on
the status quo bias of Lemma 4.

Theorem 9 Suppose (T', f, ¢) is more ambiguity averse than (F, 1, 45) If payoffs are observ-
able, then the SSCEs of (F,f, g?)) are also SSCEs of (', f,¢). Similarly, the SSCEs of any
game (T, f, @) are also WSCEs.

Proof By definition, there exists a profile (¢;);er of strictly increasing and concave functions
such that ¢; = ¢; o ¢; for each i. Let o* be a SSCE of (I‘,f, q_b) Fix i € I, and pick
pr e A(S_i(s*,0%,)) and sF € supp o such that s* € argmax,,cs, Vi(si, p; ¢;) (we omit for
simplicity the set of possible models from the smooth ambiguity value function). We want
to show that s} € argmaxg,cs, Vi(si, p}; ¢;), which implies the first claim. Since payoffs are
observable, by Lemma 4 U;(s¥,0_;) = U_i(sf,0* ) for each o_; € ¥_;(s*,0* ;). Thus

V(z’pzv¢z) (8 U ) ‘/71(5;‘717:(’&7,) (11)

Next observe that, for any s; € S;,

Vilspisb) = 67 ( L. (U, o- >)

= (¢ op;Now (/ ¢i(Ui(si, 0-1))dp; (o ))
X_i(sF,o*,)

_‘_1 fl .o i, 0 dz
></2_i(sm)< b (Ui(si,03))dpt (o ))

= ! / 6i(Ui(s0,0-))dpi (0-2) | = Vi(s1.p%: 6,)
$_i(stot)

v
s
o

5

where we used Jensen’s inequality and ¢; = ¢, o ¢;. Hence,

V(3Z7pza¢z) < V(S7»7pl’¢7,) < V( z7pz7¢i) - ‘/;(Sj,p:7¢l)

30GQimilar results are part of the folkore on SCE (see, e.g., Fudenberg and Kamada, 2011). We do not
provide such proposition because of its originality, but rather because it sharpens the reader’s understanding
of the framework and concepts.
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for each s; € S;, which shows that s} € arg maxg,cgs, Vi(si, pf; ¢;)-

We now prove that SSCEs are WSCEs. Let 0* be a SSCE of a game (T, f, ¢). Fixi € I,

and pick pf € A(X_;(s},0*;)) and s} € suppo; such that s} € argmax,cg, Vi(si,p};¢;).
We show that s¥ € argmax,,cs, Vi(si, ©_i(s,0*;)) where

Vilsi, S_i(st,0%))) = min U (si,o0-;)

o_i€X_i(sf,0%,)
Since payoffs are observable, by (11) it holds
Vi(si, 2oi(s7,0%,)) = Uilsi, 0%3) = Vilsf,pf 63) = Vilsi,nf5 4) (12)
for each s; € S;. Next observe that for, each ¢’ , € f],i(s;‘,o*_i) and each s; € S;,

Ui(si,o';) > min U (si,o_;)

U,ieﬁ,i(s;‘,aii)

0'_7;62_7;(8

= ¢ (Uz(SzaU,_Z)) > @; < min U(&'W’i)) .
70%,)

This implies that, for each o’ ; € 3_;(s¥,0* ;) and each s; € S;,

/ o; (Ui(si,al_i)) dpi (o’ ;) > / o; ‘min U (si,o—;) | dpf(o”;)
E_i(s;‘,a*_i) E_i(s;,a*_i) U_iGE_i(SZ‘,O'ii)

which in turn implies

Vi(si,pis ;) = o7 </2 o )¢i (Ui(si,0'y)) dpf(a’ﬂ)

. *
177 —1

> ¢t / ;i min U (si,0-) | dp;(oly)
i,i(sz,dii) U,iEE,fL‘(S;‘,Uii)

~

= Vi(si, 5i(si, 05y)).
This latter inequality paired with (12) delivers that
Vi(st, Si(s),0,)) = Vilsi, Soi(s),0%,)) Vs €S
proving the statement. |

In sum, the set of SSCEs increases as either ex post private information becomes coarser
or ambiguity aversion increases (or both). In particular, if we fix a game with feedback
(T, f), Theorem 9 implies that under observable payoffs:

(i) the set of BSCEs of (T, f) is contained in the set of SSCEs of every (T, f,¢) with
ambiguity averse players;

(ii) the set of SSCEs of every (T, f, ¢) is contained in the set of WSCEs of (T, f).
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In other words, under observable payoffs and ambiguity aversion, it holds
BSCE C SSCE CWSCE. (13)

The degree of ambiguity aversion determines the size of the set of selfconfirming equilibria,
with the sets of Bayesian and Waldean selfconfirming equilibria being, respectively, the
smallest and largest one.

Example 10 In the next section the game depicted in Figure 8 of the Introduction will be
used to show that the inclusions in (13) can be strict. Here we note that it also shows that
the assumption of observable payoffs is crucial. For, suppose that player 1 cannot observe
his payoff ex post (he only remembers his action). For example, his payoff function may just
reflect a psychological preference for increasing the utility of player 2. Then, even if he plays
either L or R for a long time he gets no feedback and the maxmin value of both actions is
zero. Thus, A would be the only WSCE strategy of 1 under this violation of the observable
payoff assumption since S_1 (s1,02) = A ({l,7}) for all (s1,02). But A is strictly dominated,
and so it cannot be a BSCE strategy; thus, BSCE N WSCE = 0 in this case. This also
shows why, under observable payoffs, the inclusions above may be strict: it can be checked
that, for any feedback function, A is a WSCE action, while whether A is a SSCE action or
not depends on the concavity of ¢,. We will come back to this game again when we discuss
randomization (see Example 20). A

As well known, every Nash equilibrium o* of game I' is a BSCE of (T, f).
Lemma 11 If o™ is a Nash equilibrium of I, it is a BSCE of any game (I, f) with feedback.
For the sake of completeness we give a proof in our setup.

Proof Pick any i and pure strategy s; € suppo;. Then U; (s;*,a*_i) > U (si,o’*_i) for
each s; € S;. Given any feedback function f it holds o*; € ¥_;(s¥,0* ;). Hence, Oo*, €
A (24(32‘,03)). Since V; (si,égti,i_i(sf,a*_i)> = U, (s;,07) for each s; € S;, it follows
that o* is a BSCE of (T, f). [

Since the set NE of Nash equilibria ¢* is nonempty, we can thus enrich (13) as follows:
£ NE C BSCE C SSCE C WSCE.

This shows, under observable payoffs and ambiguity aversion, that every game (T, f, ¢) has
some SSCE and that Nash equilibria are not only BSCE, but more generally SSCE.

In two-person games, one can show directly, without assumptions about the feedback
functions, that a BSCE is also a SSCE: the proof relies on the convexity of f]_i(si,a_i)
when |I| = 2 that allows to go from a justifying belief p; € A(3_;(s*,0*,)) to its predictive
pi € X_i(s¥,0%,) to a new justifying belief 65, € A(X_;(s¥,¢*,)) inducing no subjective
uncertainty.>! This argument does not work with n-person games when n > 3.

31Given the previous example, one might conclude that there is a lack of upper-hemicontinuity of the
equilibrium correspondence as the concavity of some ¢, goes to infinite. Such inference would be unjustified:
the Waldean criterion is a limit of the smooth ambiguity criterion only when p; has full support in the set of
possible models, but p; may have a smaller support.
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Example 12 Consider the following three-person, simultaneous move game where player 1
chooses the row, player 2 the column and player 3 the matriz. Assume that player 3 has
trivial feedback: he only remembers his action, hence %_3(s3,012) = A(S1) Q@ A(S2). In
contrast, players 1 and 2 have perfect feedback:

I [L R r | L R
T11,1,2]0,0,0 | [T |1,1,1]0,0,1
B|0,00]|1,1,0|[B]|0,0,1]L11

In equilibrium o3(T) = o5(L) € {0,1,1/2}. Suppose that player 3 is certain that players 1
and 2 achieve perfect coordination, but he feels completely ignorant as to how. By symmetry,
his belief is thus

1 1
p3:§(5TX5L+§5B X OR.

If he is a Bayesian (linear ¢s), then both | and r are best replies. But, if he is strictly
uncertainty averse (strictly concave ¢3), then only r is a best reply. The predictive probability
1

1
i(T’ L)+ i(B’R)

is a correlated distribution in A(S), hence it cannot belong to ¥_3(l,0* 5), and

01(r,Ly+1(B.R) % A(S5(l,0%3)).

Note, however, that we can support | as a SSCFE choice using different beliefs: this is not an
example where some BSCE is not a SSCE. A

Assuming perfect information and perfect feedback, we can prove a partial converse to
the above inclusions and hence an equivalence result.

Proposition 13 In games with perfect information and perfect feedback, every symmetric
WSCE is also a symmetric SSCE and BSCE where each player’s strategy is justified by a
confirmed deterministic belief.

Proof As in Chapter 6 of Osborne and Rubinstein (1994), nodes of the game tree are
histories (sequences of action profiles) h, with < denoting the strict precedence “prefix of”
relation, H; is the set of histories where ¢ moves, H_; is the complement of H; within the set
of non-terminal histories, the action selected by strategy s; at h € H; is denoted by s;(h).

We show that, if s* is a symmetric WSCE, then for each ¢ there is pure strategy profile
5. € i]_i(sf,s*_i) such that s7 € argmax;,cg, Ui(s;, 5-;); this implies the claim. Let s* =
(s7)ier be a symmetric WSCE. By perfect feedback, for each i, 33_;(s*) is the convex hull of
set of pure strategy profiles

S_i(s*):={s_i € S_;:Yhe H_;,h < ((s*) = s_i(h) = s*;(h)}.

This is the set of strategies of coalition —i in a modified zero-sum game between ¢ and —i
where —i has only one feasible action, s* ;(h), at each h € H_; preceding ((s*), and the payoff
function of ¢ is the restriction of u; on the smaller set of terminal histories thus obtained.
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Like the original game, this auxiliary zero-sum game has perfect information, hence it has a
saddle point in pure strategies. Taking into account that s* is a WSCE:32
s; €argmax min  Uj(s;,0-;) =argmax min  Ui(s;, 5—;).
8:€5i o_,e5_;(s%) 8i€Si s ;€8 ;(s*)
Any strategy profile
s_jearg min U(s],s—i))
S_iES_i(S*)

is a confirmed degenerate belief justifying s;. |

Since perfect feedback implies observable payoffs, Theorem 9 and Proposition 13 imply
that under perfect information and perfect feedback??

symBSCE = symSSCE = symW SCE.

Note that the result about symSSCE holds with either two players or n ambiguity averse
players.

Games with perfect information necessarily feature observable deviators.?* In games with
observable deviators and perfect feedback, every symmetric BSCE has the same outcome as
some mixed Nash equilibrium.?® Therefore, in games with perfect information and perfect
feedback the set terminal histories induced (with probability one) by some mixed Nash equi-
librium coincides with the set {(symW SCE) of terminal histories induced by a symmetric
WSCE. To summarize:

Proposition 14 In games with perfect information and perfect feedback the set of determin-
istic paths induced by some mized Nash equilibrium is ((symW SCE) = ((symBSCE); if,
in addition, there are either two players or n ambiguity averse players, then

((symBSCE) = ((symSSCE) = { (symW SCE) .

5 A common interest example

Consider the common interest game in Figure 3 of the Introduction, whose normal form is

N2 I T
A T, X,T
L 3,3 0,0

R 0,0 3,3

This game shows that the inclusions in (13) can be strict. We first show that, as argued in the
Introduction, a key feature of this game is that strategy A cannot have positive probability
in any BSCE, but it is instead played in some WSCE.

32Tt does not matter how a strategy s; is specified at histories outside the modified game.

33The prefix sym denotes symmetric selfconfirming equilibria.

34For every path z and every information set h reached with a unilateral deviation from z, the player
moving at h can identify the deviator. See Fudenberg and Levine (1993a) and Battigalli (1997).

35 A correct proof of a slightly more general result can be found in Kamada (2010).
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Lemma 15 (i) In any BSCE o*, it holds o7 (A) = 0.
(ii) All pairs {(A,o%) : 05 € A({l,r})} are WSCEs.

Proof (i) Given any o9 € A ({l,r}), we have

Ui (Ayo9) =2 ; Ui (L,o2) =302(l) ; Ui (R,02)=302(r)
while given 01 € A ({4, L, R}), we have

Us(l,01) =x01(A)+301 (L) ; Us(r,o1) =x01(A)+ 301 (R)

Hence, given any set ¥ C A ({l,7}) and any prior p; € A (X) of the player in role 1, it
holds

Vi(A,p,Y) = Ui(Ap)=2 ; Vi(L,p1,%)=U(L,p1)=3p1(l)
Vi(R,p1,%) = Ui(R,p1)=3p1(r)
Since
max {3p1 (1),3p1 (r)} =3max{p1 (1), 1 —p1 (1)} >3/2 > =z,
it follows that Vi (A,p}, %) < max{Vi(L,p1,%),Vi(R,p1,%)}, and so A is never a best
reply.

(ii) Given any o3 € A ({l,r}), suppose players in role 1 keep playing A. It is easy to see
that this implies that X5 (A, 0%) = A ({l,r}), and so

Vi <A, Sy (A, a§)> = Uzeril(ig o Ui (Ao2) =2

L, (A,0%)) = i L,os) = i ) =
% (2,22 (4,07) rrcmioy 1 Eo) = | i 302 (=0
i(RDAeD) = min ) Ui = i 302() =0

Hence, A € argmaxgcs, V1 (31,22 (A,o*§)>. On the other hand, suppose a proportion

o3 (1) of players in role 2 keeps playing [ and a proportion o3 (r) keeps playing r. Then,
D] (lvA) =3 (Ta A) = {614}7 and so

Vo (LS1(03,4)) = (Loa) =z Va(r51(05,4)) = Ua(r,04) =2
This proves that {l,r} = argmaxg,cg, V2 (sz, 31 (o3, A)) [

After having established this noteworthy feature of strategy A, we characterize the set
of all WSCEs.

Proposition 16 (o}, 0%) is a WSCE if and only if either
o1 (A)=1 and o5(r)€0,1]
or

o1 (A) <1 and % =o05(r) € {O,;,l}
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Proof Given any o3 € A ({l,r}), if players in role 1 keep playing L the frequency of plays
[ (they won 3) and r (they won 0) that they observe are, respectively, o4 (I) and o3 (r).
Hence % (L,03) = {03}. Similarly, 35 (R,03) = {03}. Finally, it is easy to see that
3o (4,03) = A ({l,r}). Tt follows that:

‘/1 (A’ 22 (A’ O’;)) — 0-261'31(1?1_ T}) U]_ (A7 0-2) = X

Vi (0.5, (A.0%)) = in U (L,os)= min 302()=0
1( 5o ( ,02)) ppcin UL(L,o2) = | min 302 (1)

Vi (R,22(A,0%)) = in Up(R,02)= min 3 =0
1 ( , 29 ( ,0'2)) 0-26121(1371“}) 1 ( 702) 02€g1637r}) g9 (7")

and

Wi

= (A% ®on) =2 i V(L5 (Lo3) = Vi (LS (Ro3) =303 ()

( )
Vi (R,EQ(L,J;)) - m(3,22(3,a;) — 303 (r)

Since 305 (1) > 304 (r) if and only if o5 (1) > 1/2, and 1/2 > /3, we thus have
A € argmax V) (sl, 3o (A, a§)> ;L e€argmax V) (31, Sy (L,O’;)) o5 () > 1
51€51 51€51 2
. 1
* * > -
R € arg max Vi (81722 (R, 02)) =o3(r) 25
We conclude that
1 1
O'T(L)>0:>O';(l)2§ ; UT(R)>0:>O'§<T)Z§ (14)

On the other hand, given any of € A ({4, L, R}), if players in role 2 keep playing
[ the frequency with which they observe A (they won z), L (they won 3) and R (they
won 0) are, respectively, o% (4), ot (L) and 0% (R). Hence, 3 (I,0%) = {0%}. Similarly,
31 (r,0%) = {o%}. Tt follows that:

Va (z, N (l,(f{))
Va (r, N (z,a{)) - W

Vs (z, i (r, a;)) = 30% (L) + 2o (A)
(

Hence,

| € argmax Vs (32, ol (z,a;)) —— 307 (L) > 30% (R)

52€852

r € arg max Vs <32, > (r, a’{)) <= 307 (R) > 307 (L)

52€852

We conclude that

Summing up:
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1. Suppose o7 (L) > 0 and o7 (R) > 0. By (14), this implies

1 1
o5 (1) > B and o5 (r) > 3 (17)
In turn, by (15) and (16), condition (17) holds only if o (L) = o7 (R). Hence, (o7, 03)
with 1
o1 (L)=01(R)>0 and o5(l)=05(r)= 5

are the WSCEs with both o7 (L) > 0 and o7 (R) > 0.

2. Suppose o7 (L) > o7 (R) = 0. By (16), o7 (L) > o7 (R) implies 0% (r) = 0. Hence,
(07, 0%) with
o] (L)>0 and o5(r)=0

are the WSCEs with o7 (R) = 0.
3. Suppose oF (R) > o] (L) = 0. By proceeding as before, the (o7, 0%) with
0] (R)>0 and o5(r)=1
are the WSCEs with oF (L) = 0.

4. Suppose o7 (R) = of (L) = 0. By Lemma 15-(ii), {(4,03%) : 05 € A({l,r})} are the
WSCEs with oF (4) = 1.

We conclude that (o7, 0%) is a WSCE if and only if

1
either 07 (L) = o] (R)>0 and o5(r)= 5 or o] (L)>0](R)=0 and o5(r)=0
oroj(R) > o7j(L)=0 and o5(r)=1 or oj(A)=1 and o5(r)€0,1]
as desired. [ |

Note that the WSCE are also SSCE when ¢, is concave enough (the shape of ¢4 is
immaterial since player 2 does not perceive any model uncertainty).

Finally, Lemma 15 and Proposition 16 allow to characterize the set of all BSCEs:

Corollary 17 (o7,0%) is a BSCE if and only if

ot (A) =0 and o (R) = o} (r) e {0,5,1}

In this game the set of BSCEs is thus strictly included in that of SSCEs (for ¢, concave
enough) and WSCEs.
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6 Randomization

In this section we allow agents to commit to arbitrary objective randomization devices.
Credible randomizations require a richer commitment technology than assumed so far. This
can be seen by focussing on static games. In such games, playing a pure strategy simply
means that an action is irreversibly chosen. But there is a commitment issue in playing
mixed strategies. Suppose that a particular mixed strategy o; is optimal. If this is true for
a Bayesian agent, then also each pure strategy in the support of o; is optimal, therefore o;
can be implemented by mapping each strategy in suppo; to the realization of an appropriate
roulette spin and then choosing the pure strategy associated to the realization. On the other
hand, an ambiguity averse agent who finds ¢; optimal, need not find the pure strategies in
suppo; optimal (within the simplex A(S;)). Therefore, unlike a Bayesian agent, an ambiguity
averse one has to be able to irreversibly delegate his choice to the random device. Despite
these reservations, we still find the extension to mixed strategies worth exploring.

When each agent in population ¢ plays a mixed strategy, a mixed strategy distribution
¢i € A(A(S;)) obtains. To simplify the analysis, we consider only the case in which the
ensuing distributions ¢; on mixed strategies have finite support.? For each role i, agents in
population ¢ are “endogenously” partitioned into k; “epistemic types,” and Af is the fraction
of agents in population 7 of type ¢ = 1,..., k;. In every period, agents are drawn at random
and matched to play the given game. Each type ¢ of agent in population i keeps playing
some (possibly degenerate) mixed strategy af. This generates a mixture distribution o} =
Zif;l )\fof on pure strategies in population ¢. Agents of type £ in population i accumulate
evidence (a message in every period) that in the long run is summarized by the long-run
frequencies u:’é € A(M), which depend on of and ¢* : ,uf’* = Fi(o! x 0*;). As before,
agents are informally assumed to be long-run empiricists: for every observable event, they
equate its probability with its observed long-run frequency, hence the set of possible models
for agents of type £ is fl_i(af ,0%,). In the following definitions, we give stability conditions
for a profile of strategy distributions (o});cr interpreted as mixtures. We use superscript p
to denote the equilibrium concepts obtained when randomization is allowed.

Definition 18 A profile of mized strategies (07 )icr is a smooth selfconfirming equilibrium
with randomization (SSCEP) of (T, f, @) if, for each i, there are a positive integer k; € N,
a vector of weights (A}, )\f’) € Rﬁ; with 251:1 M =1 and a vector of mized strategies
(o, ...,O'fi) € [A(S)]¥, such that

1. (aggregation) o = Zlg"zl Mot

2. (confirmed rationality) for each £ = 1,..., k; there is a belief pf € ﬁ)_i(af,a*_i) with

l 4
0, € arg max / @;(Us(04,0-4))dp; (0—;
7 €A(S) J5_ (ot o ) (Uil )dpi(o-i)

A profile (0})icr satisfying condition 1 above is a Waldean selfconfirming equilibrium
(WSCEP) of (T, f) if, for each i and ¢

Uf € arg max ‘min Ui(oi,0-4),
0i€A(Si) o_i€8_i(0f,0 ;)

30We conjecture that, for generic payoffs, this is enough to characterize equilibrium distributions of out-
comes.
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and it is a Bayesian selfconfirming equilibrium with randomization (SSCE?) of (T, f) is a
SSCEP of the game with (T, f, ¢) with ambiguity neutral players, where each ¢, is the identity.
A smooth (Waldean, Bayesian) equilibrium profile is symmetric if k; = 1 for each i € I.

Since for Bayesian agents the value of an optimal mixed strategy is the same as the
value of any pure strategy in its support, the BSCE concept give rise to the same strategy
distributions as the BSCE concept:

BSCE = BSCE®”.

Indeed, BSCE is a special case of BSCE? where agents do not randomize, and a BSCE?
is equivalent to a BSCE where agents of type £ in population ¢ are further divided into
“subtypes” playing the pure strategies in the support of af .

A symmetric BSCE? is such that every pure strategy s; played with positive probability
in equilibrium can be justified by the same confirmed belief p;. Thus, the symmetric BSCE”
concept is equivalent to the SCE with unitary beliefs of Fudenberg and Levine (1993a)
generalized to arbitrary feedback.

The comparative statics results and relationships of Section 4 extend seamlessly to equi-
libria with randomization (the same arguments apply almost verbatim with pure strategies
replaced by mixed strategies):

e the coarser the feedback, the larger the set of equilibria of each kind,

e under observable payoffs, the set of SSCEfs becomes larger as ambiguity aversion
increases,

e under observable payoffs and ambiguity aversion,
BSCE? C SSCEP C WSCE?,

furthermore, the first inclusion holds in every two-person game with any feedback and
ambiguity attitudes.

Allowing for randomization reduces the scope for differences between the BSCE, SSCE
and WSCE concepts. Indeed, in two-person games with observable payoffs and ambiguity
aversion they coincide.

Proposition 19 In two-person games, every WSCEP is also a SSCEP and BSCEP. Hence,
i two-person games with observable payoffs and ambiguity aversion the three kinds of self-
confirming equilibrium with randomization coincide:

BSCEP = SSCE? = WSCE®’.

Proof Fix a WSCE? o*. For each i € [ and ¢ € {1,...,k;}, f]_i(af,a*_
compact, since —1¢ is a single player it is also convex. Choose

;) is nonempty and

', € arg ‘min Ui(ot,0_).
U_iGE_i(Uf,Uii)
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By definition of WSCE”

af € arg max ‘min Ui(oi,0-)..
0i€A(Si) o_;€8_4(0b0* )

Hence, the maxmin theorem implies

0! € arg oiIeIlASL(}f?i) Ui, ;).
Thus, 6¢ ; is a confirmed degenerate belief justifying Jf. This shows that ¢* is also a BSCE?
and a SSCE? (ambiguity attitudes do not matter if pf is a Dirac measure). Assuming
observable payoffs and ambiguity aversion, we have both BSCE? C SSCE? C WSCE? and
WSCEP C BSCEP, therefore BSCEP = SSCEP = WSCEP. |

The game depicted in Figure 3 can be used to illustrate how WSCE differs from WSCE”
(and BSCE), because we may have

max ‘min Ui(si,0-;) < max min Ui(oi,0-i).
8;€S; o_i€X_i(sf,0%;) i €A(S;) o_i€X_i(sf,0*;)

Similar considerations apply to SSCE and SSCE”.

Example 20 Consider again the common interest game in Figure 3 of the Introduction,
assuming perfect feedback. Strategy A is strictly dominated by mixed strategy %L + %R,
which yields expected utility % irrespective of 2’s strategy. Therefore, outcome A cannot be
induced by any selfconfirming equilibrium with randomization (see Proposition 19). But, as
already argued, A is a WSCE outcome: if player 1 chooses A he cannot observe anything
about player 2 and his set of confirmed conjectures is ZA]l(A, o2) = A({l,1}) for every oo; the
minimum EU value of L and R is 0, the value of A is 1. In particular, one can show that if
@1 1S concave

WSCEP = SSCEP = BSCE" = NE = {a* Lot (A) = 0,05 (R) = o3(r) € {o, % 1}}

As observed in Section 5, WSCE = SSCFE if ¢; is sufficiently concave. A

Next we turn to the relationship between selfconfirming equilibria with randomization and
Nash equilibrium. We know that NE C BSCE = BSCEP in all games, BSCEP C SSCE?
in two-person games, BSCEP C SSCEP C WSCE?P in games with observable payoffs and
ambiguity aversion, and analogous relations hold for symmetric equilibria. The following
proposition provides a partial converse. Consistently with our notation, we let & (o) denote
the random path induced by the product measure Xx;c;0;.

Proposition 21 In games with two players and perfect feedback, every symmetric WSCEP
is realization equivalent to some mized Nash equilibrium; therefore

C(symW SCEP) = ((symBSCEP) C ((NE).
Furthermore, under ambiguity aversion

C(symW SCEP) = {(symSSCEP) = {(symBSCE") C ((NE).
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Proof Battigalli (1987) proved that, in two-person games with perfect feedback, a symmetric
BSCE? (a selfconfirming equilibrium with unitary beliefs) is realization-equivalent to a mixed
Nash equilibrium. Then, the result follows from Proposition 19. |

Example 22 Consider the “horse” game with three players and imperfect information de-
picted in Figure 2. Path (A,a) (for any feedback structure) is supported by (Waldean,
Bayesian, smooth) symmetric selfconfirming equilibria with randomization, but it is not a
pure or mized Nash equilibrium path. This shows that the assumptions of the two proposi-
tions above are quite tight.3” A

7 Discussion

Let us take stock of what we did so far. We analyzed a notion of SCE with agents who have
non-Bayesian attitudes toward uncertainty on the true data generating process they are fac-
ing. We already argued that, as in the traditional notion of SCE, this uncertainty comes from
a partial identification problem: the mapping from strategy distributions to the distributions
of observations available to an agent is not one to one. This is discussed and illustrated in
the context of decision problems (Section 2) before we move to the game theoretic analysis.
We used as our workhorse the KMM smooth-ambiguity model, which separates beliefs from
ambiguity attitudes and is therefore particularly well suited to connect with the previous lit-
erature on SCE. Our main equilibrium concept, smooth selfconfirming equilibrium (SSCE)
admits traditional Bayesian SCE as a special case and Waldean (maxmin) SCE as a limit
case. According to our main result, the set of SSCE expands when agents become more
ambiguity averse (assuming observability of payoffs). This allows us to derive intuitive rela-
tionships between different versions of SCE and show that Nash equilibrium is a refinement
of all of them, which guarantees existence. Equivalence results are provided under specific
assumptions on the information structure. In the core sections of the paper (Sections 3.2 and
4) we assume that agents play the strategic form of a dynamic game and can only choose
pure strategies. Mixed strategies are considered in a separate section where we put forward
notions of equilibrium with randomization: on the one hand, our main results extend seam-
lessly to carry over to these equilibrium concepts; on the other hand, we obtain equivalence
results under weaker assumptions.

We now discuss the following points: (1) We avoided dynamic consistency issues assuming
that agents play the strategic form of the game. How should we defined our equilibrium
concepts without this commitment assumption? How are our results going to be affected?
(2) We clarified that our notions of SCE make sense under minimal assumptions about
agents’ knowledge of the game. But under common knowledge of the game, stronger notions
of equilibrium should arguably be considered. (3) Like Fudenberg and Levine (1993a,b),
we assume that each agent has only access to his “personal database” of experiences in
the games he played. How is the SSCE concept affected if agents have access to a “public

37The same holds for symmetric Bayesian selfconfirming equilibria supported by beliefs that satisfy in-
dependence across opponents. This can happen because the “horse” does not feature observable deviators.
On the other hand, in all games with perfect feedback and observable deviators, every such equilibrium is
realization equivalent to some Nash equilibrium. This can be shown directly. Kamada (2010) proves it as a
corollary of another result.
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database”? (4) Fudenberg and Levine (1993b) give a “steady state learning” foundation to
the SCE concept, is it possible to do the same for SSCE?

7.1 Dynamic consistency

When agents really play an extensive-form game, not its strategic form, they cannot commit
to any strategy. A strategy for an agent is just a plan that allows him to evaluate the
likely consequences of taking actions at any information set. The plan is credible and can
be implemented only if it prescribes actions that have the highest value, given the agent’s
beliefs and planned continuation. Plans with this unimprovability property can be obtained
by means of a backward induction procedure on the subjective decision tree implied by the
agent’s beliefs. Such a procedure may have to break ties. How ties are broken is immaterial
for a Bayesian agent, but matters for a non Bayesian one. Consider two information sets
of player 4, viz. h; and h;, so that h; immediately precedes h; in the tree of information
sets of 4, and let ai(l_zi, h;) be the action at h; that leads to h;.38 If ties at h; are broken
so as to maximize the value of action «;(h;,h;) (and further ties are broken to maximize
the value of ai(ﬁi, h;), where h; is the immediate predecessor of h;, and so on), the resulting
strategy satisfies consistent planning. We can make this precise in the context of the smooth-
ambiguity model, and thus provide notions of SSCE assuming unimprovability, or consistent
planning. For brevity, we write SSCE? to refer to such smooth selfconfirming equilibria with
dynamic consistency. What difference does dynamic consistency make?

It is well known that strategies that an ambiguity averse agent would commit to, if
he could, need not be unimprovable.?® Therefore, SSCE? is not equivalent to SSCE. Fur-
thermore, it is not obvious whether our main comparative statics result is valid with this
definition. We can offer examples and intuitions based on our preliminary analysis of this
issue.

Example 23 The game I'y, given by

" ey [I\{23} [LI[RI[Lr [Ryr
1 — T 4 1o o o
| out Is(3) M 0 [0 |0 |4
1.7 2 B w
Figure 4

is a three-person, common interest game with a chance move.’® The objective % : % probabil-
ities of this move are known. Parameter w > 1 is the “Waldean value” of the subgame with
root (in,c). Assume that the agent in role 1 has the following correlated belief:

1 1 1 1
p1 = (25.; + 25s> X (25L X 01 + §5R X 5r> ;

38 Perfect recall implies that function (-, -) is well defined, and that the collection of information sets of 4
(plus the singleton containing the root of the game, and with the obvious precedence relation derived from
precedence between nodes) is a tree.

#9Giniscalchi (2011) reports examples and provides an in-depth analysis of dynamic consistency under
ambiguity aversion.

40Numbers at terminal nodes, including the boxes in the matrix subgame, give the common payoff, chance
is labeled 0.
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Intuitively, he thinks that all the agents playing in roles 2 and 3 “attended the same school”
and hence are doing the same thing, but he does not know what. Suppose his ambiguity
attitudes are represented by ¢,(-) = /. On the one hand, actions T and M, once the
matriz game s reached, have value (%\/41—1— %\/6)2 = 1. On the other hand, from the per-
spective of the agent at the root of 'y, the value of committing to strategy in. T (or in.M)
18 (%\/g—l— %\ﬁ)Q =1+ § > 1.7,% and strategy in.B has value %2 + %w =1+3. If
1 < w < 1.4, the unique dynamically consistent strategy is out.B, which is also an SSCE’
supported by belief p1, for any f, ¢o, and ¢5. But, under perfect feedback, there is no SSCE
(with commitment) supported by such beliefs: the set of best response to py is {in.T,in.M},
but playing in reveals the true strategy distributions of agents playing in roles 2 and 3 (out
is supported as an SSCE with commitment under different beliefs). A

The following example shows that a naive extension of our main result, Theorem 9, to
SSCE? does not hold. Specifically, there are games (T, f, ) and (T, f, ¢), with the former
more ambiguity averse than the latter, and a profile of strategy distributions ¢* that is a
SSCE? of (T, f, ) but not a SSCE? of (T, f, ¢).

Example 24 The game ' given by

w | 1\{2,3} | L, | R,1| Lir | R,r
1 — T 4]0 o |0
| out M 0 |0 |0 |4
2 B 2 2 |2 |2
Figure 5

is a three-person, common interest game. It can be checked that out. T is an SSCE® strategy
if player 1 is Bayesian. There is exactly one belief supporting out. T as an unimprovable
strategy for a Bayesian agent:

1 1
Pl = 5(5L x 01) + 5(511 X dy).

To see, first note that out. T is unimprovable under any belief p1 if and only if p1(L,1) =
% = p1(R,1); indeed, if max{pi(L,1),p1(R,r)} > %, then the best response at the root is in,
if max{p (L,1),p1(R, 1)} < % and min{p; (L,1), ;1 (R, 1)} < %, then the unique best reply in
the subgame is B. Next observe that player 1 is certain that the objective distribution of
strategy pairs of {2,3} is a product measure, i.e., p1 € A(A(S2) Q A(S3). Now, consider ¢
and ¢ with ¢; = Idr, ¢, strictly concave and ¢; = q_ﬁj for 7 = 2,3. Strategy out. T is not
unimprovable for (pt,d1) because the value of T is ¢y ' (261(4) + 361(0)) < 2 (by the strict
concavity of ¢1). More generally, for every py such that pi(L,1) < %, the ¢q-value of T is
strictly less than 2 (let A = o9(L), A = o3(l), then the value of T is

ot ( ¢1(4AN)p1(dA % d)\)) < / 4AMp1(dA x dX) = 4p1 (L, 1)
[0,1]2 [0,1]2

“'Here is where the numbers under /- come from: 3 = U1 (in.T, 09 X &1, X 81), 1 = Uy (in. T, 00 X ¢ X ),
with o9 = %§c + %55.
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by the strict concavity of ¢, whenever p1 is not a Dirac measure; if p1(L,1) < % then the value
of T is less than 2). Therefore, out. T is a SSCE® strategy of (T, f, @), with ¢ = (Idgr, b9, ¢3),
but not of the more ambiguity averse game (', f, ¢). Letting ¢po = ¢p3 = Idg, this also shows
that a BSCE’ need not be a SSCE’.

Although out.T is not a SSCE’ strategy in the more ambiguity averse game (T, f, ),
the realization-equivalent strategy out.B is. We conjecture that the following version of the
comparative statics result holds: if o* is a SSCE’ of (T, f,$) and (T, f, ¢) is more ambiguity
averse than (T, f,¢), then there is a SSCE’ of (T, f, ¢) realization-equivalent to o*. A

There is another problem related to dynamic consistency: as in Fudenberg and Levine
(1993b), the notion of best reply used in this paper allows for suboptimal behavior at unex-
pected information sets. For example, in the game of Figure 1, Right is strictly dominated by
Left conditional on Down, but there is a set selfconfirming equilibria (for arbitrary ¢) where
all agents in role 1 play Across and the equilibrium distribution o5 is arbitrary. To deal with
this problem we can represent players’ beliefs as conditional probability systems: an agent
in role ¢ have an initial belief p;, for each information set h; he would hold a corresponding
conditional belief p;(-|h;) over the strategy distributions of the opponents, and these beliefs
are related to each other via Bayes rule whenever possible (see, for example, Battigalli and
Siniscalchi, 1999). With this, we can give stronger versions of unimprovability and consistent
planning to obtain a refined notion of SSCE?. In the game of Figure 1, the only refined equi-
librium strategy for agents in role 2 is Left. However, Across is still an equilibrium strategy
because an agent playing Across may incorrectly believe that Right has positive probability;
thus, the set of equilibrium outcomes is the same.*?

An agent in role 1 may believe that the irrational action Right has positive probability for
the simple reason that he need not know the utility function of 2. Under complete information
(that is, common knowledge of the game) further refinements are worth exploring. Clearly,
the unique selfconfirming equilibrium of the gama of Figure 1 consistent with belief on the
co-player’s rationality under complete information is the symmetric equilibrium (D, L).

7.2 Rationalizable selfconfirming equilibrium

In a selfconfirming equilibrium agents are rational and their beliefs are confirmed. Assuming
that the game?? is common knowledge, it is interesting to explore the implications of assum-
ing, on top of this, that there is common certainty (probability-one belief) of rationality and
confirmation of beliefs. Interestingly, the set of rationalizable SCE thus obtained may be a
strict subset of the set of SCEs consistent with common certainty of rationality, which in
turn may be a strict subset of the set of SCEs as shown in the example above (see Rubinstein
and Wolinsky (1994), Dekel et al (1999), Battigalli (1999), Battigalli and Siniscalchi (2002,
2003), Esponda (2011), Fudenberg and Kamada (2011), and Letina (2011). The separation
between ambiguity attitudes and beliefs in the smooth-ambiguity model allows a relatively
straightforward extension of this idea to obtain a notion of rationalizable SSCE.

42 The result is more general: for every SSCE? there is a realization equivalent refined-SSCE?. This requires
a natural “ex post perfect recall” assumption that we did not have to make explicit so far: for each ¢ and m,
all z € f7'(m) determine the same sequence of actions and information sets of i.

43 0r, at least, a part of the game such as (T, f).
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7.3 Selfconfirming equilibrium with a public database

The SSCE concept defined in this paper, like Fudenberg and Levine’s SCE, rests on the as-
sumption that agents have only access to their personal experiences. How does this affect our
results? The answer is quite straightforward if, like Fudenberg and Levine, we assume perfect
feedback. In this case, the “public database” induced a by profile of strategy distributions
o is (o) € A(Z). The key observation is that the “personal database” of an agent playing
s; € Suppo; is subsumed by the “public database”: personal experiences allow to learn the
conditional frequencies of opponents’ actions at the opponents’ information sets visited with
positive frequency under (s;,o_;), a sub-collection of the collection of opponents’ informa-
tion sets visited with positive frequency under (o;,0_;). Therefore o* is a public SSCE if for
each i and s* € Suppo? there is some p; € 3_;(c*) = {o_; : Jo; € A(S;), (04, 0_5) = ((6)}
such that s} is a smooth best response to p;. (It can be shown that this is equivalent to a
definition of SSCFE with unitary beliefs whereby the justifying belief p; must be the same for
all strategies in Suppo?.) Our results can be adapted to this definition of public SSCE. If
perfect feedback does not hold, the analysis is more complex. First, it is not obvious what a
“public database” is supposed to be. Second, for some definitions of “public database”, the
personal database need not be subsumed by the public one. Different definitions of SSCE
look plausible and it is not yet clear to us which of our main results can be adapted to such
definitions.

7.4 Learning and steady states

Fudenberg and Levine (1993,b) provide a learning foundation of selfconfirming equilibrium
within an overlapping generation model with stationary aggregate distributions. The sta-
tionarity assumption is a clever trick that allows to use consistency and convergence results
in Bayesian statistics about sampling from a “fixed urn” of unknown distributions. It would
be important to extend such results to the smooth-ambiguity model and SSCE, and to use
results on updating of sets of priors to obtain an analogous learning foundation for the WSCE
concept proposed here. Fudenberg and Levine (2006) obtain a refinement of SCE based on
the idea of steady state learning with extremely patient and long-lived agents and illustrate
it with an application. Similar ideas are worth exploring in the current framework.
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