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Abstract

This paper proposes an Affine Macro Term Structure model in which yields
are drifting, sharing a common stochastic trend driven by the drift in short-term
(monetary policy) rates and excess returns are stationary as the compensation
for risk is driven by the cycles in yields. We apply the approach to US data and
compare the empirical results from the new specification with those obtained
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based Affine Term Structure model produces much better forecasts of the dy-
namics of yields and, consequently, different and stationary dynamics for the
term premia.
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1 Introduction

This paper proposes a new Affine Macro Term Structure model in which yields are
drifting, sharing a common stochastic trend driven by the drift in short-term (mon-
etary policy) rates and excess returns are stationary as the compensation for risk
depends on the cycle in yields. This approach is strongly motivated by the data and
addresses a gap in the existing literature that adopts a common factor structure for

yields and excess returns.

1.1 A First Look at the Data

The quarterly US data from the last fourty years on the term structure of Gov-
ernment bonds show the presence of a common drift in yields to maturity which
disappears when 1-period excess holding returns for bonds at all maturities are con-
sidered. Figure 1 reports the quarterly time-series observations on the Treasury yield
curve estimates of the Federal Reserve Board made available by Giirkaynak et al.
(2007) over the period 1980-2023. Yields at maturities from 1 year to 15 year show
the presence of a common drift shared with that of interest rates on 1-period bond
(the three-month rate). Figure 2 reports the observed 1-quarter returns of holding
bonds at all maturities from 5 to 15 years in excess over the return on three-month
Treasury Bills. No trend is evident from the data. The stationarity of one-period
excess holding returns has two immediate implications. First, term premia at all ma-
turities, being average of expected one-period excess holding returns over the residual
maturity of bonds, are also stationary. Second, the common drift component in the

term structure is driven by the trend in the one-period bonds and it is removed when
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FIGURE 1. Quarterly observations on the time-series of (an-
nualised) yields from the 3-month to the 15-year maturity.
We use the same colour palette for all maturities (blue).
Darkest blue indicates the highest maturity, i.e., 15 years.

spreads of bonds at all maturities on the one period bond are considered.!

!One period excess holding returns for a bond with maturity of n periods at time t are defined
as 12V = RS — 1y — (n— 1) RS - RSV
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FIGURE 2. Quarterly observations on the time series of 1-
quarter holding period returns for bonds at maturities be-
tween 5 and 15 years in excess of the return on three-month
Treasury Bills

1.2 The Literature

Macro-finance models of the term structure mostly belong to the class of Affine Term
Structure Models (Diebold et al., 2005). These models are originally designed for
stationary processes in yields, as the yield dynamics is modelled as a vector autore-
gression (VAR) of a set of factors extracted from the term structure partially, like Ang
and Piazzesi (2003), or totally, like Kim and Wright (2005) and Adrian et al. (2015);
and VAR models are used for forecasting stationary processes. Importantly, The fac-
tor dynamics also drives the price of risk and holding period returns. The presence
of a stochastic trend in yields has several negative consequences for this approach, in

view of the stationary nature of excess returns of buy-and-hold strategies. VAR mod-



els are inappropriate for long-run forecasting of non-stationary data, biased forecast
of the dynamics of short-term rates® do affect the measurement of term premia. The
non-stationarity of factors might results in non-stationarity of term premia, which is
counterfactual with respect to the empirical evidence of stationarity of holding period
(excess) returns.

Several papers have documented the existence of a slow-moving component com-
mon to the entire term structure (see, for example, Bakshi and Chen, 1994 and Fama,
2006). An important and growing literature has modeled Treasury yields using shift-
ing endpoints (Kozicki and Tinsley, 2001), near-cointegration (Jardet et al., 2013)
or long memory (Golinski and Zaffaroni, 2016), vector autoregressive models (VAR)
with common trends (Negro et al., 2017), slow-moving averages of inflation (Cieslak
and Povala, 2015) and consumption (Jgrgensen, 2018), or an (unobserved) stochastic
trend common across Treasury yields (Bauer and Rudebusch, 2020). Interestingly,
(Bauer and Rudebusch, 2020), in their model that allows for a trend in yields and
returns, note that the loading of returns on the unobserved common stochastic trend
is an order of magnitude smaller than the loading of prices and they also report that
predictive regressions of returns on de-trended yields and trend proxies lead to co-
efficients on the trend that are not significantly different from zero. Campbell and
Shiller (1987) have proposed a stationary representation of spreads and changes in
short-term rates, based on cointegration between short-term rates and yields at any
maturity, but their approach has never found its way in Affine Term Structure models.
Piazzesi et al. (2015) use survey data on interest rate forecasts to construct subjective

bond risk premia to find that subjective premia are less volatile and not very cyclical.

2Tt has also been recognised that OLS estimates of near-unit roots are notoriously biased down-
ward, thus overestimating the amount of mean reversion in yields.



They explain this evidence by pointing out that survey forecasts of interest rates are
made as if both the level and the slope of the yield curve are more persistent than
under common statistical models. Zhao (2020) proposes a structural model of trends
and cycles in the term structure capable of explaining several features of the data,
without relating the trend component of the yield curve to observable slow-moving
variables, such as the demographic structure of the population, whose properties can

be exploited for forecasting purposes.

1.3 Owur Contribution

The objective of our contribution is to build an Affine No Arbitrage Term Structure
model consistent with the evidence from the data that yields are non-stationary and
driven by a common trend and excess returns are stationary. Following Favero et al.
(2022) and Favero and Fernandez-Fuertes (2023), we decompose short term rates in a
trend component and a cycle component. The trend component is driven by the very
long-run forecast of the central bank for real short term rates and by its response to
the very long-run forecast for inflation. The very long-run forecast for the real rates
is labelled in the literature as the natural rate of interest. We model the natural
rate as function of the equilibrium growth rate of output in the economy and the age
structure of population, a time-varying determinant of household preferences. Given
availability of long-run forecast for the growth rate of the economy, the age structure
of population, and long-term expected inflation, we measure the trend component
of the short term rate and its expectations and construct the current and future
trend component of the short-term rates. Trends for yields at any maturity are

then identified by taking the appropriate average of the future trends in the short



rates over the duration of each bonds. Finally, factors are extracted from the cyclical
components of bonds at all maturities. A stationary VAR for the cyclical components
of yields is then estimated. Excess returns and term premia are driven by these
stationary variables. Prediction for short-term rates at any future dates are then
derived by combining the predictions for the trends (not based on the VAR for factors)
and the predictions for the cyclical components (based on the VAR for factors). Then
bonds at any maturities are priced via pricing equations that imposes no-arbitrage
restrictions. Term premia are derived as the difference of bond yields obtained when
the price of risk is estimated in the affine specification and when the price of risk
is restricted to zero. Bond yields are non-stationary, but their trend is the average
trend of short-term rates over the maturities of the bond and term-premia are driven
by the stationary state variables.

Our new specification has implications for forecasting and measurement of the risk
premia. We show that our approach has better forecasting performance and leads to
a measurement of term premia very different from that of standard models that
do not address the relevant features of the data. These differences are particularly
relevant when fluctuations in the risk premia are used to evaluate the macroeconomic

implications of monetary policy. (Schnabel, 2022)

2 An Affine Term Structure model with Trend
and Cycle in Monetary Policy Rates

Affine models of the term structure of interest rates are a popular way of determining

the term premia. The expectation of the future path of short rates can be extracted



from these term structure models. The affine models typically use state variables
(latent factors) to model the shocks that drive the economy. The key assumptions
are: First, the pricing kernel is exponentially affine in the state variables, whose
dynamics is described by a VAR. Second, market prices of risk are affine in the state
variables. Finally, the innovations to state variables and one-period holding excess
returns are jointly normal-distributed.

Using these assumptions together with no-arbitrage restrictions delivers gener-
ating processes for continuously compounded excess returns and continuously com-
pounded yields at any maturity that are a function of the state variables. Yields can
be decomposed into a term premium, a convexity correction, and a part reflecting
expectations for the one-period rate over the residual life of the bond. In the light
of the evidence reported in the introduction, this specification strategy suffers from
a clear shortcoming: the state variables have to capture the drift in the data, and a
VAR model is not the most appropriate specification for long-run projections of the
relevant variables. Indeed, long-run projections are needed because pricing a long-
dated bond with quarterly data will require to project of the three-month rates over
an horizon equal to the maturity of the bond.

To deal with this problem, we propose to specify an Affine Term Structure model
with two sets of states variables: the trending ones and the stationary ones. The
trending variables will be related to slow moving components in the structure of the
economy and will not be predicted by a VAR, the VAR specification will then be

limited to the stationary state variables.



2.1 Detrending the Term Structure to model excess returns

The identification of the two sets of state variables is implemented starting from the
specification of the one-period nominal risk free rate RS). The risk free rate can be
decomposed in a trend and a cycle. The trend, i.e. long-run risk free rate, is made
of two components: the natural rate of interest, R;, and a component that reflects
long-term inflation expectations.

Laubach and Williams (2003) show that in the standard Ramsey model households
intertemporal optimization delivers a positive relationship between the natural rate of
interest and both the growth rate of output in the economy and household preferences.
This motivates the inclusion of (log) growth rate of potential output, Ay, as a
variable explaining the trend. However, Jorda and Taylor (2019) and Mian et al.
(2021) illustrate that fluctuations in output growth (per capita) of the economy cannot
fully explain the drift in natural rate, therefore, other time-varying determinants of
the rate of time preference of the agents in the economy should be considered. On the
one hand, we follow Favero et al. (2016), Lunsford and West (2019), and Favero et al.
(2022), and consider the age structure of the population as the driver of changing
preferences, in particular MY;, the ratio of middle-aged (40-49) to young (20-29)
population. On the other hand, Giirkaynak et al. (2005) convincingly argue that
private agents views of long-run infations are subject to fluctuations. In line with
this evidence we use the survey-based measure of long-run inflation expectations,
7lf also considered in the Fed’s FRB/US model® as the proxy for long-run inflation
expectations. This is a reasonable proxy under the assumption that the central bank

is credible. The cyclical part of the yield can be thus identified with the residual after

3 Available at https://www.federalreserve.gov/econres/us-models-package.htm.
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regressing the short rate on those three variables, Ay, MY, and Lk,
Once the trend and the cycle in the one-period rate are identified, the trend and
the cycle for yields at all maturities can be constructed by taking the appropriate

average of the expected trends in the one-period rate:

i = 4V (1)
i = 4 MY, + Ay + yaml R (2)
i =™ (3)
1 n—1
*,(n *,(1
T ") = EZTH&‘) (4)
i=0

The model is naturally interpreted within a cointegration approach (Engle and Granger,
1987) to model the stochastic drift in rates: if demographics, productivity and the
inflation target of the central bank successfully capture the trend in nominal rates,

then ugl) should be stationary. Stationarity of ugl), paired with stationarity of the

term premia, implies that u,ﬁ") are stationary. Note also that, in this framework
the stochastic trends in yields at all maturities are all driven by the trend in one
period rates.

Long-run forecast for MY;.,, Ayfitl, 7 are readily available in that demographics
and potential output long-term forecast can be respectively downloaded from the
Bureau of Census and the Fred database, while credibility of the central bank implies
that long forecast for inflation cannot diverge from the CB target. Therefore, no
VAR is needed to obtain RSF)Z?*, as these forecasts can be derived directly by using (1)

pot LR

with the appropriate scenario for the exogenous variables MY, ;, Ay, 7. After

this, K factors can now be extracted by obtaining the principal components to the



N cyclical components of the yield curve u,gj ), for j =1,...,n, which we stack into a
T x N matrix, U. We denote these K factors as X; € R, and they are the first K
principal components of U. This procedure ensures the stationarity of X; to specify

a VAR, i.e.,

X1 = p+ X, + v (5)

Ut+1| (XS>1;:0 ~ N(Oa E)a (6>

where 1 € RE, & ¢ RE*XE and ¥ € REXX. On the other hand, the variables in X,

determine the market price of risk, \;, in the following affine form:
>\t - 2_1/2()\0 ‘l‘ )\1Xt), (7)
The assumption of no-arbitrage implies that there exists a pricing kernel, M;, such that:

Pt(n) =E, (Mmﬂ(ffl)) ) (8)

for every n > 0 and t > 0, and where Pt(n) = exp [—nrﬁn)} is the price of a zero

coupon bond with maturity n. We are strictly following Adrian et al. (2015). Hence

we assume that the pricing kernel is exponentially affine, i.e.,
m _ 0 1)\T>\ - )\Tzfl/2 9
t+1 = Ty o\t At t U415 (9)

where r} = — log(Pt(l)) — —p" is the continuously compounded risk-free rate, and

10



my = log M;. The excess log returns are given by:

n—1 n—1 n
Txl(f—‘,-l ) = p1(€+1 ) _pi(i ) - Tty (10)

where p§"> = log Pt(n). After some derivations using (9) and (8) (see Appendix A.1),

we arrive to

E; (rx§111)> = covy [rxii}l),fugﬂZ_lﬂ)\t] — %Vt <7’x£i}1)) ) (11)
In the same fashion as Adrian et al. (2013), we can define B as
1) .~ $1eov, (@1}”, vt+1> c RX. (12)
By substituting from (12) into (11) and using (7), we have:
E; [ng:l} =g - %Vt [rxgi)l] : (13)

The unexpected excess return can be decomposed in a component that is correlated
with v4,1, and whose correlation vector coincides with ﬁt(n_l), and another component
which is conditionally orthogonal to v;, and which can be interpreted as the return
pricing error:

Tilfﬁzl) —E, <7”1'§111)) = 51:(7%1) “ Vg1 + eﬁf), (14)

Under the assumption that the return pricing error are i.i.d. with variance % and

11



that (; is constant, the generating process for log excess returns becomes:

n— n— 1 n— n—
7"$1(t+11) — (Mo + /\lXt)TB( 1) . ((5( 1))T25( O 02> .

n— n—1
+ 'UtT+1ﬁ( R 5§+1 )a

and so it’s clear now that the (log) excess returns can be decomposed into the ex-
pected return (first term), a convexity correction (second term), and a return inno-
vation. This expression also allows us to see that the time-varying component of
expected excess returns is stationary and driven by the dynamics of the stationary
state variables. We can thus stack (15) across N maturities and T time-periods we

have the following matrix-form representation:
1
rx = (AL% + MX") B - 3 (B*vec () + 0*1xx1) 17+ V' B+ E (16)

where
1. rx € RTXN,

2. N € RK, Al € RKXK,

3. X, = [Xl ’ X2 ‘ e | XTfl]T S RTXK,
4. B € REXN,
5. B* = [vec (B1B}) |---| vec(B,BT)]" € REXN?,

6. Ve RT*E gnd E € RT*N,

2.2 Parameters’ Estimation

Estimation of the parameters in our model is implemented by extending the 3-step

procedure proposed by Adrian et al. (2013) to a 4-step procedure. All details are

12



found in the Appendix A.2.

1. Construct the cyclical components of yields at all maturities by estimating a
(cointegrating) regression of the one-period rate as a function of predictable slow-
moving variables and use the available predictions on the drivers of the trend in one-
year yields to construct the trend for yields at all maturities by taking the appropriate
average of the expected trends in the one-period rate as described in (4).

2. Construct the pricing factors, X, from principal component analysis (PCA) of
the cyclical components of yields derived in the first step, U. Estimate the equation
(5) using OLS, decomposing the pricing factors into predictable components and
factor innovations V.

3. Regress excess returns on a constant, lagged pricing factors and contempora-

neous pricing factor innovations according to
I‘X:(I]ITXK]IKXN—FVZ)—FX_C—FE (17)
4. We show in the Appendix A.2 that

0= ()" B 5 (Bvee (9) + 0*Lar) 1 (18)

c=)\B (19)

From these, market price of risk’s estimates are given by

T S Nt B 1
(BBT> B [dT + 51 (B*vec (X) + 0*1nyi) ' |, (20)

>

0

>

1

(BBT>_1 Be™. (21)
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2.3 DModelling Trending Yields

Bond prices at any maturity can be obtained by recursive forward substitution of
prices in (15), keeping in mind that the (log) price of all bonds at maturity is zero, i.e.,
pii)n = 0. The cyclical component of the one-period bond r}, i.e., ugl) = Tt(l) — r:’(l),

can be expressed as a linear function of the underlying factors, i.e.,

r =W 4 8+ 6n - X el (22)

1 1 * (1
pg):_rrg)7 pg’ :rt()7

b on the

Where parameters bo and 4, can be estimated by projecting the cycle ug
stationary factors X;.
Our specification of the no-arbitrage model implies that bond prices depend lin-

early on a trend component and on a stationary component®:
py =p." + A+ B X, +ul, (23)

where p;”* captures the trend component of bond prices. The model also implies

cross-equation restrictions on the parameters A,, B, and on the trend p;"*.

1
An = Anfl + (/,L — )\0)T anl + 5 (B;l;_lan,1 -+ 0'2) — (50 (24)
By=(®—\) Buot — (25)
T =i = (26)

“See Appendix A.3 for more details
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In this specification, trends affect yields but excess returns are driven exclusively
by stationary variables. The main innovation in our proposal is that the vector X, is
extracted from the de-trended term structure and therefore the drivers of the excess-
returns are the factors extracted from the cyclical components of the yield curve. Note
that our specification imposes on the dynamics of de-trended bond prices exactly the
same restrictions that a standard model imposes on the dynamics of bond prices.
Hence, the comparison of the output of our model with that of a comparable ATSM
model is immediate. In the case of a standard ATSM the same VAR structure that
we use for factors extracted from the cyclical components of yields is adopted directly

for factors extracted from yields, without de-trending them. In this specification,

i) =6+ 61 X, + e, (27)

o = A, + BEX, + ™, (28)

where the recursive restrictions apply to A,, and B,. Basically, everything is the
same but the trendy terms drifting prices and yields. Hence, in this specification
yields (trendy) and excess returns (stationary) are driven by the same set of state

variables, Xj.
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2.4 Model Simulation, Forecasting and Term Premia

After the estimation is completed, we have the following model:

rt(l) = 1“:’(1) + ugl) (29)

W =y MY, — 1Ay — R (30)

r = ™ gy (31)

P (32)
i=0

M = pr™ 4 A+ BIX, 4+, (33)

Xy = p+0X, 1 +vp (34)

in which the factors X; are extracted from the cyclical components of yields, u}, after
the completion of the first stage of estimation. The model fit can be readily assessed,
by comparing actual data with fitted data from the model, model forecast are also
naturally constructed using the factor structure. Finally, model simulation in two
scenarios, a baseline with all parameters set are their fitted values and an alternative
one in which the market price of risk is set to zero, i.e. Ag = A = 0, allows to
compute term premia as the differences between the model implied yields and the
risk neutral yields.

The performance of our model in terms of fit, forecast and the properties of the

derived term premia can be compared with that of a standard ATSM model:

pY = A+ BIX,+e", (35)

Xt = U + ¢Xt—1 + V41 (36)
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in which estimation is implemented in three steps and the factors X, are extracted

directly from the yield curve.

3 Empirical Results

Estimation and simulation® is performed by using the zero coupon yields provided by
the FED® (Giirkaynak et al., 2007), data on MY}, the ratio of middle-aged (40-49)
to young (20-29) obtained from the Bureau of Census, the survey-based measure of
long-run inflation expectations, used in the Fed’s FRB/US model” and the measure
of potential Gross Domestic Product available from the FRED database.® Quarterly
data over the period 1980:1-2023:2 are considered. In this section, we shall report
evidence based on the comparison between the simulation of our model estimated in

four steps and a standard ATS model estimated in three steps.

3.1 Detrending Yields

The trend in the one-period (three-month) rate is captured by projecting it on the
proxy for the age structure of the population, potential output growth and the survey-
based measure of long-run inflation expectations. The results, reported in Table 1,
show that the estimated model produces stationary residuals with estimated coef-
ficients on the drivers of the drift on short-term rates in line with previous studies

Favero and Fernandez-Fuertes (2023), Bauer and Rudebusch (2020), with a negative

®a full replication package in R is available from the authors’ website

6https ://www.federalreserve.gov/econres/feds/the-us-treasury-yield-curve-1961-to-the-present.
htm.

"https://www.federalreserve.gov/econres/us-models-package.htm.

8https://fred.stlouisfed.org/series/GDPPOT.
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coefficients on MY capturing the effects of the age structure of the population on the
supply of savings, and positive and slightly larger than one coefficients on potential

output growth and long-run inflation expectations.

TABLE 1. Modelling the Trend in three-month yields

Dependent variable:

i

MY; —0.037***
(0.004)
AyP* 1.418%*
(0.192)
i 1.315***
(0.090)
Observations 174
Adjusted R? 0.907
ADF test on residuals -4.66***
Residual Std. Error 0.017 (df = 171)
F Statistic 567.984* (df = 3; 171)
Note: *p<0.1; **p<0.05; **p<0.01

Given the trend component on one-period rates we derive the trend components
for yields at any maturity as specified in Section 2. Figure 3 illustrates our results
for the 3-month and the 10-year yields. Note that the cyclical components of yields
contain information on the term-premia, therefore we expect them to fluctuate around

a level that differs across different maturities.
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FiGURE 3. Trend Components

(A) Three month yield time series against its trend.
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3.2 The VAR in factors

The second step in our approach is the extraction of principal components from
detrended yields, we do so by considering the first five principal components of a term
structure of sixty cyclical components of yields with maturities from three-month to
15-year. Figure (4) illustrates the time series of these factors and compares them
with those of the equivalent factors extracted from the term structure of yields with
maturities from three-month to 15-year. The graphical evidence clearly hints at the
presence of a drift in at least one of the factors estimated in the standard approach,
while our proposed de-trending framework seems successful in removing it.

The visual impression aligns with the analysis of the roots of the characteristic
polynomial for the two alternative VAR specifications. This analysis reaffirms the ex-
istence of a near unit-root in the standard VAR. However, this unit-root is eliminated

when factors are extracted from the cyclical components of the yield’s characteristics.

TABLE 2. Properties of VAR in factors

factors from cyclical components | Roots of the characteristic polynomial
0.8899, 0.8899, 0.7049, 0.5046, 0.2898

factors from yields Roots of the characteristic polynomial
0.9721, 0.8949, 0.6604, 0.44, 0.3306
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FIGURE 4. Principal Components as Factors

The first five PC extracted from yields
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3.3 Excess Returns regressions

We report in Table 3 the results of regressing Excess Returns returns on a constant,
lagged pricing factors and contemporane- ous pricing factor innovations for the stan-
dard factor specification and our factor specification. In particular, we consider the
R? from the ”predictive” specification in which contemporaneous pricing factor inno-

vations are not included and the full specification. It’s worth highlighting that the
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predictive version of the model, which incorporates factors extracted from the cyclical
components of yields, outperforms the standard model. However, when we consider
the full specification, the standard model achieves a nearly perfect fit, surpassing the

alternative model’s performance.

TABLE 3. Excess returns Regressions

Panel A: Standard ACM model

n 4 8 12 16 20 28 40 60
X 0.17 0.13 0.1 0.09 0.09 0.09 0.1 0.11
X and vy4q 099 0.99 099 099 0.99 099 0.99 0.99
Panel B: Our model

n 4 8 12 16 20 28 40 60
X 0.15 0.14 0.13 0.13 0.13 0.13 0.14 0.13
X and vy4q 098 096 095 094 093 092 091 0.9

Note: In this table, we report the R? of the regression of (razii}l)) on X; only and on X; and

v¢+1 both for the standard ACM model and our model.

3.4 Fit and Forecast Performance

To illustrate fit and forecasting performance of the two alternative specifications we
report in Figure 5 the results of within-sample model simulation up to 2005:12, where
current values of the factors are used to predict yields, and of out-sample model simu-
lation from 2006:12 onward, where n-step ahead forecasts of the factors (with n going
from 1-quarter to 70-quarters) are used to predict yields. Results for 3-month and
10-year yields are reported. The within-sample performance of our models is slightly
inferior to that of the standard model as the trend component of yields is captured
with less precision. However, the model decomposing trend and cycles dominates out-

of-sample showing the capability of tracking well the long-term dynamics of yields.
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FIGURE 5. Fit and Forecast Performance
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3.5 Term Premia

Finally, we analyze term premia in Figure 6. We consider the one-year and the 10-
year horizon. The term premia from the two models look very different with the
presence of a trend in the 10-year premium derived from the standard specification
which disappears from the specification based on the trend-cycle decomposition of
yields.

FIGURE 6. Term Premia
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4 Conclusions

We have started this paper with the observation that yields to maturity are (co-
)drifting and holding period excess returns are (co-)cycling. Standard Affine Term
Structure model do not separate trends and cycles in the data but use factors ex-
tracted from yields to maturity to explain holding period excess returns as well as
yields to maturity. As a consequence, the empirical model has a rather disappoint-
ing performance in predicting short-term rates and generates trending risk premia.
As risk premia are not observable, term structure models should be evaluated by
their performance in predicting the future path of short-term rates. In fact, risk
premia are very strongly dependent on this path. We propose to improve on the
standard approach by applying the no-arbitrage restrictions to a model in which the
factor structure adopted to explain holding period excess returns is extracted from
de-trended yields. The trend in yields is a common trend driven by the drift in short-
term rates. The drift in short-term rates in turn is not predicted by a VAR but it
is related to long-term forecast for slow-moving variables such as the demographic
structure of the population, potential output growth and long-term inflation forecast.
A VAR structure is then adopted to model the dynamics of the stationary cyclical
components. Our proposed model outperforms the standard approach in forecast-
ing short-term rates and produces stationary risk premia, very different from those

produced by the standard approach.
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A Appendix

A.1 Derivations

We assume as in Adrian et al. (2013) that the systematic risk is represented by a

stochastic vector, (X),, following a stationary vector autoregression
Xt = /.L + q)Xt,1 + V¢ (Al)

with initial condition X, and whose residual terms, (v;),., follow a Gaussian distri-

bution with variance-covariance matrix, X, i.e,.
Ut| (Xs)ocsct ™ N(0,%). (A.2)

Let’s denote the zero coupon treasury bond price with maturity n at time ¢ by Pt(".

No Arbitrage Dybvig and Ross (1989) holds
P =K, [M PR (A.3)
Assumption 1. The pricing kernel, m;,; = log M;,1, is exponentially affine

1 1
Myy1 = —T4 — §||/\t||2 — A X720, (A.4)

(1)

where r, ;== —p,’ is the continuously compounded risk-free rate, and \, € R¥.

Assumption 2. Market prices of risk are affine

A=372 (Ao + M Xy, (A.5)

26



where )y € RX and )\, € REXE,

Assumption 3. (

(n—1

rT; ), Ut>t>0 are jointly normally distributed.

The excess holding return of a bond maturing in n is given by

n—1
szg,+1 ) 7pt+1 —pg " (A.6)

Now, (A.3) can be rewritten as

1:Et

= eX

(n)

where {1 =17, —

5|

|

where

(n—1)
TXyy

(n—1)
T4

eXP {mt+1 +pt+1 _PE )H
exp { _ —||)\t||2 NS 30,40 + 12l + ”H

(A7)
exp~{rag+1 L - zz&+1}]

p{Em@H]+§VEHﬂ},

I — AFS 2441, and

- e 1
ralf ] = SR (A.8)
mﬁll) AET 2”t+1}

-MJEEI) + V, [)\ ¥ 2vt+1} — 2cov (m‘tﬂ AT 2vt+1)

—T.%?Eizl)_ + )\;FE_%Vt [Ut+1] E_%)\t — QA;FZ_%COVt (Tl’gi}l), /Ut+1>
ral 0|+ el = 2A8 80, (A.9)

(=1 . $1cov, (mﬁ;”, vt+1) c RX, (A.10)
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Therefore, (A.3) is equivalent to
(n _yrp(n=1)
0=E,; rth + Vt T‘ZL‘H_I A By ,
which gives us a nice expression for the expected returns:
(n-1)] _ yrgn-1) 1 (n)
By [Txtﬂ } =\ G - §Vt [7“$t+1] :

Assumption 5. 8" = 8™ for every t > 0.

~1
We can decompose the unexpected excess return, rxgil ) _ E; [

(A.11)

(A.12)

_1)} into a com-

ponent that is correlated with v;,; and another component which is conditionally

orthogonal, z—:ii}l) (return pricing error):

n—1 n—1 n—1
T5E§+1 ) —E; [TI1§+1 )} = U;-ﬂ( )+67E+1 )

Notice that

(A.13)

gl = »-1 (E [Tasngl)vwl} -k [r$§+1 )] K [Ut+1]> =X7'E [mizl)vt“]

and

7V = (E [UtTHUtHD_l
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because E [UtTHth] = ¥. So actually v = 3™ for every n > 0. Hence,
[ 2
v rafi V] =B | (el - B [ralnV]) }

r _ N2
=E; _(UtT+16(n Dy 5?-1—11) }

n—1)\2 n— n—1 n—1 2
=E, (UtT+1ﬁ( 1)) JFQUtTHﬁ( 1)5£+1 )+ (51(t+1 )) ]

= ()" B [onifi] 57 o

= (B ) £ 4 g2,

What we get is

n— n— 1 n— T n—
T‘rl(f+11) = (Ao + M X)) T8 — B ((5( D) opth 4 02> (A.14)

n— n—1
+vtT+1ﬁ( Y +5§+1 ),

A.2 Estimation

We can then rewrite (A.14) as

relTY = (Ao 4+ M Xe)Bo1 — % (B \YB, 1 +0%) + i, By +eli7) (A15)
and therefore have a vectorial form:

rx = (AoL% + MX") B - % (B*vec (2) + 0%1gx1) 17+ VIB+E  (A.16)

where
1. rx € RTXN,

2. Ao € RE )\ € REXK,
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3.X_ =X | Xy | - | Xp_y]" € RTXE,
4. B € REXN,

5. B* = [vec (B, B}) |---| vec(B,BF)]" € REXN?)
6. V€ R™K and E € RT*V,

So we take (A.16) as our reference point in the estimation process that we do in three

steps following Adrian et al. (2013) procedure:

1. Construct the pricing factors, (Xt)thl and estimate the VAR coefficients y € RE

and ® € RX in (A.1) using OLS. Then take (,),_, from 0, = X, — X, € R¥, where

X, = pu+®X,_, for every t = 1,...,T. Stack the time series (Ut)thl into the matrix

V € RT*K | The vatiance-covariance matrix is thus
2. Perform the regression according to (A.16), i.e.,
X =alpryxglixny + Vb+X c+E

where a € R, b,c € RE*N_ Collect everything into single matrices

Z = [Ty | Vs | X_] c RT*(K+1)

d=algy | b| " € REEFDXN
so we can write rx = Zd + E and therefore
d=(Z"7)"" Z"rx.
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Then, collect the residuals from this regression into the matrix

E =rx—Zd e R"”*V. (A.22)
and estimate o
o (E E)
5 = ——— 2 A2
o NT (A.23)

Finally, we construct B from b.
3. Estimate the price of risk parameters, Ay and \; via cross-sectional regression.

Recall from (A.16) that

a=(Nl3,,)" B - % (Brvee (8) + 0%150) 15 (A.24)

c=\TB (A.25)

If we transpose them, we can estimate \y and \; via OLS, i.e.,

ps

sy =1 1
0 (BBT> B {aT + Sl (Brvee (3) + 0%l y) " (A.26)

2

o

(BBT>1 Bt (A.27)

1

A.3 Recursion

Consider the generating process for log excess returns in our model:

”Uﬁ;l) = (Ao + AlXt)Tﬁ(nil) - <(5(n71))T Zﬁ(nil) - UQ) + U?ﬂﬁ(nfl) + 52111)-

(A.28)

N | —
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We need now to find two sequences of coefficients, (An)sz1 and (Bn)ivzl, that allow

us to express bond prices as exponentially affine in the vector of state variables, X,

plus a trend term, p;"", i.e.,

" = o+ A+ XTB,

where p\™ = log P\"™. Notice that

1) o * T
p ==y — Xe,

motivating that A; =0, By = —ey, and pi’* = —r;. For any n > 1,

n—1 n—1),* n—1
Tmft-s—l ) = pz(f+1 ) + Ap1 + XtT+1Bn—1 + u7§+1 :

— " — A, — X[ B, —u"

+ "+ Ay 4+ XTBy +

_ (n—1),x A X ™R (n—1)
Pipr . A+ (A PXy 4 v) By Uy

- pgn%* - A, = X/ B, - ugn)

+ o7+ AL+ X7 B+ uf

= T‘Tgizl)’* + (An,1 — An + Al =+ ILLTanl)

+ X (PB,-1 — B, + B1) + (u?;ll — u,gn) + ugl)) + v Bra
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Hence, the following must hold

7"371(57_:_;1)7* + (An—l - An + A1 + NITBTL_I)
FXF (@B = Byt By) + (ui! = ul” + )

1 —
:()\0 + Alxgﬂ(n—l) -3 ((5(n—1))T Zﬁ(n_l) + 02) + Ut+1ﬁ(n_1) + 65111)

ie.,

Ap 1 — A, + A +u" B, = )\gﬁ(nfl) _ % ((5(n71))T 241 4 02>

®"B,_, — B, + B, = \'p"V
up — Ugn) + Uﬁl) + V11 Bno1 = 5&;1)
rafi V=0

UtT+1B(n_l) = V41 Bn1
and therefore

1

B, = ®"B,_, + By — AT

n),* n—1),x *
plg ) = p§+1 ) - Tt
5(”) =B,
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The last equation simplifies everything even more:

1
An = An—l + ([1, — /\o)T Bn—l + 5 (B;l;_lan—l + 0'2) (A?)].)
Bn = ((I) - )\1)T anl — €1 <A32)
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