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Abstract 

This paper studies the predictive performance of multivariate models at forecasting 
the (excess) returns of portfolios mimicking the Market, Size, Value, Momentum, and 
Low Volatility factors isolated in asset pricing research. We evaluate the accuracy of 
the point forecasts of a number of linear and regime switching models in recursive, 
out-of-sample forecasting experiments. We assess the accuracy of the models using 
several measures of unbiasedness and predictive accuracy, and, using Diebold and 
Mariano’s approach to test whether differences in expected losses from all possible 
pairs of forecast models are statistically significant. We fail to find evidence that 
complex statistical models are uniformly more accurate than a naïve constant 
expected return model for factor-mimicking portfolio (excess) returns. However, we 
show that it is possible to build simple portfolio strategies that profit from the higher 
out-of-sample predictive accuracy of forecasting models with Markov switching in 
conditional mean coefficients. These results appear to be independent of the 
forecasting horizon and robust to changes in the loss function that captures the 
investors’ objectives. 
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predictive accuracy tests. 
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1. INTRODUCTION 

One of the most intriguing questions in asset pricing concerns to the key statistical and 
economic drivers of stock returns. Sharpe’s (1964) and Lintner’s (1965) CAPM argues that 
any differences in the expected excess returns of US stocks should be explained by different 
exposures to market risk, as measured by the related betas. Fama and French (1993), 
instead, proposed a three-factor model based on the excess return of the market portfolio, 
the return of a portfolio long in small stocks and short in big stocks (SMB), and the return of 
a portfolio long in high book-to-market stocks and short in low book-to-market stocks 
(HML). In fact, they provide evidence that the inclusion of market capitalization and book-
to-market as additional risk factors effectively leads to a better explanation of the cross-
section of average stock returns. In a subsequent paper (Fama and French, 1995), they also 
showed that these two indices, often referred to as Size and Value factors, are related to 
expected excess returns and are consistent with Merton’s (1973) ICAPM. Moreover, Carhart 
(1997) augmented Fama-French’s three factor model by adding the Momentum factor, for 
which the factor-mimicking proxy is the return of a portfolio long in winner stocks and short 
in loser stocks, with performance sorting performed over the previous year (MOM). 

SMB, HML, and MOM are, therefore, investable style portfolios created with the 
purpose of mimicking the Size, Value, and Momentum risk factors in asset pricing research 
(see Ferson et al, 2006). Interestingly, these have historically exhibited attractive risk-
reward profiles and imperfect correlations with the overall market. For these reasons, 
factor-mimicking portfolios have captured the interest of asset managers and investors who 
seek to diversify their equity portfolios beyond the traditional value-weighted approach. 
Wealth allocation among style portfolios is however challenging, as it requires the 
estimation of the conditional moments of the corresponding returns. The success of any 
active investment strategy is inevitably linked to the accuracy of these estimates, which this 
paper seeks to evaluate and improve. 

The objective of this study is to identify the statistical models that, if any, are the most 
accurate at forecasting the (excess) returns of the Market, Size, Value, Momentum, and Low 
Volatility APT-style factors. We perform a horse-race among a number of linear and regime 
switching multivariate models, and evaluate the accuracy of their out-of-sample point 
forecasts. We also assess the absolute and risk-adjusted performance of two simple portfolio 
strategies that rely on these forecasts to allocate wealth among the factor-mimicking 
portfolios. When appropriate, we consider three different forecasting horizons and the 
dividend yield, the term spread, and the default spread as prediction variables. We report 
four main empirical results. 
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First, we could not find evidence that the multivariate models considered are more 
accurate than a simple constant expected return model at forecasting excess returns on the 
Market, Size, Value, Momentum, and Low Volatility portfolios. The introduction of regime-
switching parameterizations leads to overall superior measures of predictive accuracy, but 
the improvement is not large enough to be found statistically significant. Neither the 
prediction variables considered nor any autoregressive terms contribute to an increase in 
predictive performance. 

Second, the Markov switching forecasting models, which display the best measures 
of predictive accuracy, can be used to generate profitable portfolio strategies. We implement 
two simple switching strategies that outperform standard allocations simply based on the 
sample mean of the factor-mimicking portfolios. The outperformance of the strategies is 
robust to changes in the investor’s holding period and of the transaction costs imputed on 
her performance. 

Third, the forecasts of the returns on the Low Volatility factor have required us to 
model Markov switching in autoregressive coefficients and heteroskedasticity dynamics in 
order to produce unbiased predictions. This outcome is likely to be due to the highly non-
normal distribution of the returns of the associated factor-mimicking portfolio, which can 
be captured only by the most flexible models considered. This model also shows the highest 
predictive accuracy, but its forecasts fail to be significantly more accurate to plain vanilla 
sample mean forecasts.  

Fourth, differences in predictive accuracy among models appear to be independent 
of the forecasting horizon. In particular, although the predictive power of the statistical 
models we have entertained generally worsens as the horizon lengthens, their relative 
performance is consistent across the three horizons considered. Hence, the horizon should 
not impact the choice of the model to use in empirical applications. 

To best emphasize the nature of our approach, we provide further details on three 
key aspects of our methodology. The first aspect regards the forecast models that we 
compare. We analyze four classes of models, of which two are linear and two are regime-
switching. In the former case, we estimate a constant expected return model and two vector 
autoregressive models, while in the latter case we specify two threshold vector 
autoregressive models and three Markov switching vector autoregressive models. More 
specifically, the two linear vector autoregressive models are different in the methodology of 
computation of the forecasts: one applies a direct method, while the other is based on 
iterated forecasts. The same is true for the two threshold models. The three Markov 
switching models, instead, vary in the number of regime-dependent parameters. A high 

3 



number of time-varying parameters ought to increase the flexibility of the framework and 
allow for a superior in-sample fit. However, a better in-sample fit does not necessarily lead 
to superior out-of-sample predictive accuracy, which is instead the focus of our paper. 
Therefore, to produce a more robust assessment, along a Markov switching vector 
autoregressive model with full regime-switching parameters, we also consider simpler 
specifications in which only selected parameters, such as the mean and the variance-
covariance matrix, are allowed to shift across regimes. Moreover, when selecting the most 
appropriate specification for each set of parameters, we use information criteria that 
balance the trade-off between in-sample fit and out-of-sample predictive accuracy. 

The second aspect relates to the evaluation of the forecasts. We test whether 
forecasts are unbiased through a simple Wald test on the mean of the forecast errors and 
Mincer and Zarnowitz’s regressions. We also compute several measures of predictive 
accuracy, and use Diebold-Mariano tests to assess whether differences in performance 
between models are statistically significant. We rely on two loss functions, i.e., square and 
absolute, in order to offer a more robust analysis. 

The third aspect involves the rationale behind the portfolio exercise. Similarly to 
Pesaran and Timmerman (1995), we adopt two simple simple strategies that rely on the 
pseudo out-of-sample estimates of excess returns to recursively adjust over time the 
allocation to style portfolios. Under the first strategy, we aim at maximizing the absolute 
excess return of a sample portfolio, while under the second strategy, our goal is to optimize 
the risk-adjusted return of an equally weighted allocation among style portfolios that only 
invests in portfolios with non-negative forecasted excess returns.

1 We consider three levels of transaction costs and different holding periods to assess 
the practical robustness and feasibility of our results. 

This paper contributes to the existing literature in terms of the style risk factors 
studied and the econometric models considered. Our study is the first attempt to jointly 
forecast excess returns not only on the Market, Size, Value, and Momentum factors, but also 
on the Low Volatility factor. Haugen and Baker (1991, 2012) observed that low variance 
portfolios exhibit higher realized excess returns than high variance portfolio. The Authors 
compared the return of a portfolio long in low-volatility stocks and short in high-volatility 
stocks over the past year (LOWVOL) with the excess return of the capitalization-weighted 
market portfolio. The LOWVOL portfolio, which mimics the Low Volatility factor, has 
delivered average excess returns that are higher than the market portfolio on selected 

1 Equally weighted portfolios are widely used in practice. DeMiguel, Garlappi and Uppal (2009) show 
that they are often performing well in pseudo out-of-sample backtesting exercises. 
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horizons. This evidence has spurred the interest of academics and practitioners. However, 
to our knowledge, no previous work has attempted to forecast the excess returns of the Low 
Volatility portfolio, neither in a univariate nor in a multivariate framework. Furthermore, 
we evaluate the predictive accuracy of a number of econometric models that is 
unprecedented in the literature on factor return predictability. Several studies prove that, 
for the Size, Value, and Momentum factors, models with regime shifts outperform single-
state benchmarks not only in terms of in-sample fit, but also for their out-of-sample 
predictive accuracy (Black and McMillan, 2004; Guidolin and Timmermann, 2008; Gulen, 
Xing and Zhang, 2011; Perez-Quiros and Timmermann, 2000). Nevertheless, no previous 
work compares alternative models within the regime switching class when forecasting 
factor-mimicking portfolio excess returns. Our analysis includes forecasts from threshold 
and Markov switching models of increasing complexity, thus allowing the switching variable 
to be either observable, as in the former case, or latent, as in the latter case. This approach, 
therefore, extends previous analyses and lays the foundations for more comprehensive 
comparisons. In fact, we make the strong assumption that the market excess return is the 
variable driving regimes in threshold models, which may explain why these models rank 
rather poorly when compared to Markov switching ones.2 

Our research question is of primary importance to both researchers and practitioners 
in modern asset pricing and portfolio selection. A multi-index model allows the user to make 
factor bets. If one believes that a factor will change in a direction above that anticipated by 
the market, then she may want to place a bet by increasing your exposure to that factor. This 
can be done holding a portfolio with a sensitivity to a given factor is larger than the market 
index, for instance. As discussed by Ang (2014), this is important when the goal is to turn 
passive factor investing into an active strategy.3 Our findings imply that such strategies may 
be subject to stronger limitations than commonly believed, because in spite of our best 
efforts we are only able to detect slim pocket of factor-mimicking predictability. 

2 It could be interesting to test the performance of models based on different threshold variables. 
The inclusion of additional models, such as smooth transition VAR models, and prediction variables, 
such as return dispersion (see Stivers and Sun, 2010), would be an essential step in order to check 
the robustness of our conclusions. We do not pursue this extension in our paper. 
3 Ang (2014) discusses the so-called “Professors’ Report to the Norwegian Ministry of Finance” to 
list four criteria for determining which factors investors should choose; a factor should be: (i) 
justified by academic research, (ii) have exhibited significant premiums that are expected to persist 
in the future (emphasis added), (iii) have return history available for bad times, (iv) be 
implementable in liquid, traded instruments. Our research impinges on point (ii) and implies that 
risk premia may be positive and persistent but predicting the direction of changes of such premia 
may be as hard as ever. 
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The rest of the paper is organized as follows. Section 2 reviews the literature on factor 
return predictability to which this study contributes. Section 3 describes the multivariate 
econometric models that are used in our comparisons. Section 4 presents the data and the 
key results of our analysis, as well as potential extensions and limitations. Section 5 
concludes. 

2. LITERATURE REVIEW 

The academic research on stock return predictability has followed two distinct paths. On the 
one hand, a branch of research aims at detecting prediction variables that are able to predict 
stock returns (Rapach, Wohar, and Rangvid, 2005), including style returns. In this regard, 
some financial and macroeconomic variables, such as the dividend yield and the term 
spread, appear to be useful in the forecasts of excess market returns, especially in-sample 
(Campbell and Cochrane, 2000; Campbell and Yogo, 2005; Cochrane, 2008; Rapach and 
Wohar, 2006). On the other hand, regardless of the set of explanatory variables considered, 
predictability may require non-linear features to be modelled (Guidolin and Timmermann, 
2006). In particular, there is no doubt that regime switching models lead to a better fit of the 
in-sample dynamics among asset returns. However, evidence of their out-of-sample 
forecasting performance is mixed. 

Research on factor return predictability follows a similar pattern: it focuses either on 
prediction variables or on the statistical modelling of non-linear predictive patterns. 
Ilmanen (2011) strongly endorses the former set of efforts. Collecting and expanding 
previous research on the Size, Value, and Momentum factors, he provides rational and 
behavioral explanations for the dynamics of the returns of the factor-mimicking portfolios. 
In particular, he emphasizes the existence of firm-specific and macroeconomic drivers that 
are likely to affect the performance of each style portfolio. Consistently, the literature mainly 
concentrates on univariate forecast models that incorporate such factor-specific drivers as 
prediction variables. For instance, Zakamulin (2013, 2014) argues that the Size premium 
can be predicted by a linear regression based on lagged returns, default spread, and term 
premium. Considering the Value factor, Cohen, Polk, and Vuolteenaho (2003) find 
forecasting power in the value spread, which they define as the difference in book-to-market 
ratio between a typical value stock and a typical growth stock. Chen, Petkova, and Zhang 
(2008), instead, estimate the expected value premium from long-run growth rates and 
expected dividend-price ratios. Chordia and Shivakumar (2002) conclude that Momentum 
profits are explained by cross-sectional differences in conditional expected returns, which 
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can be in turn predicted by macroeconomic variables.4 Perez-Quiros and Timmermann 
(2000) were, instead, the first researchers to apply Markov switching models to style 
factors. They demonstrate the outperformance of heteroskedastic Markov switching models 
in producing point forecasts of the returns of the Size factor. Similarly to Perez-Quiros and 
Timmermann (2000), Gulen, Xing, and Zhang (2011) use a two-state, heteroskedastic 
regime switching model with time-varying transition probabilities and several 
macroeconomic predictors in order to forecast excess returns of the Value factor.5 
Moreover, Cooper, Gutierrez, and Hameed (2004), Kim, Roh, Min, and Byun (2014), and 
Wang and Xu (2015) show that regime switching models are capable of producing accurate 
forecasts for the Momentum factor. 

Several papers have engaged in comparisons of predictions of different multi-index 
risk factors. The literature is however scarce when dealing with multivariate forecast 
models. Lynch (2000) adopts a vector autoregressive model in order to implement optimal 
asset allocation on Value- and Size-sorted portfolios. He shows that their excess returns are 
predictable, and this predictability leads to a better risk-return ex-ante performance. Stivers 
and Sun (2010) forecast returns on the Value and Momentum factors using return volatility 
as a key predictor. Guidolin and Timmermann (2008), instead, prove that regime switching 
models dominate single state benchmarks in out-of-sample forecasting experiments on the 
Size and Value factors. Angelidis and Tessaromatis (2014) and Sarwar, Mateus and 
Todorovic (2015) have recently extended their study by introducing the Momentum factor 
in the analysis. However, no previous work seems to have considered multivariate models 
that include the Low Volatility factor. 

Our paper is therefore the first to evaluate the predictive accuracy of econometric 
models at forecasting excess returns of the Market, Size, Value, Momentum, and Low 
Volatility factor portfolios. Our results, therefore, extend previous studies in APT-style 
factor forecastability based on the comparison between linear and regime switching models, 
and should be interpreted as conditional on the multivariate framework of the analysis. 

3. EMPIRICAL METHODOLOGY 

We compare the performance of four classes of multivariate models at forecasting excess 
returns of factor-mimicking portfolios. We consider a constant expected return model, 

4 They also find that the value-weighted market dividend yield, the default spread, the term spread, 
and the T-bill rates are statistically significant predictors in-sample. 
5 Transition probabilities are a function of the One-month T-Bill rate, while the predictors mentioned 
are default premium, change in money stock and dividend yield. 

7 

                                                        



vector autoregressive models, threshold vector autoregressive models, and Markov 
switching models. Furthermore, we evaluate both direct and iterated forecasts in the vector 
autoregressive and the threshold vector autoregressive models. 

The first two models are standard linear models. The constant expected return (CER) 
model may be considered the most naïve among all econometric models. It is based on the 
assumption that asset returns are independently and identically distributed with constant 
mean and variance, and, consequently, that there is no predictability beyond the sample 
mean of the data. In fact, one forecasts simply using the sample mean. The vector 
autoregressive (VAR) model introduces linear predictability from lagged returns and 
prediction variables. We assume that neither endogenous nor exogenous variables generate 
contemporaneous effects, and we estimate the parameters of each equation by Generalized 
Least Squares (GLS).6 Furthermore, we estimate iterated and direct forecasts from the VAR. 

Iterated forecasts are based on the estimation of a one-period ahead model and the iteration 
of its forecasts for the desired number of periods, with forecasts plugged to replace future 
values of the endogenous variables. Direct forecasts, instead, use a horizon-specific model 
in which the explanatory variables are lagged by a desired number of periods. While direct 
forecasts treat predictors as exogenous variables, iterated forecasts require assumptions on 
the process followed by the prediction variables. Consistently with standard practice in the 
literature, we assume that predictors follow the same VAR model of factor-mimicking 
portfolio returns. This additional assumption explains why, theoretically, direct forecasts 
should be less affected by model misspecification, while iterated forecasts should be more 
efficient when the model is correctly specified (see Marcellino, Stock, and Watson, 2006). 

Linear models, which are static in their parameters over the entire sample, fail to 
capture that the relationship among variables may be unstable and dynamic. If this is the 
case, the CER and VAR models are likely to be misspecified. Regime switching models try to 
cope with this shortcoming: they acknowledge the presence of regimes and allow 
parameters to vary across them. Furthermore, regime shifts can generate many non-linear 
effects by mixing the conditional distributions under the different regimes. As a result, 
regime switching models are able to capture the typical features of financial time series, 
including fat tails, skewness, heteroskedasticity, and time-varying correlations, which are 
overlooked by single-state, linear models (Ang and Timmermann, 2011). The threshold 
vector autoregressive (TVAR) and the Markov switching vector autoregressive (MSVAR) 

6 Given the assumption of no contemporaneous effect, the GLS estimator is consistent and 
asymptotically efficient. Furthermore, the maximum likelihood estimator (MLE) and an equation-
by-equation OLS estimator both yield the same result (see Hamilton, 1994). 
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models extend linear VARs by introducing regime-specific parameters. In their most general 
specification, the stochastic variable 𝑆𝑆𝑡𝑡 drives regime shifts and, thus, the parameters that 
characterize the time series: 

 𝒚𝒚𝑡𝑡 = 𝝁𝝁𝑆𝑆𝑡𝑡 + �𝐀𝐀𝑗𝑗𝑆𝑆𝑡𝑡𝒚𝒚𝑡𝑡−𝑗𝑗

𝑝𝑝

𝑗𝑗=1

+ 𝒖𝒖𝑡𝑡 ,  (1) 

where 𝒖𝒖𝑡𝑡~𝐼𝐼𝐼𝐼𝐼𝐼�𝟎𝟎,𝛀𝛀𝑢𝑢𝑆𝑆𝑡𝑡�, 𝒚𝒚𝑡𝑡 is a 𝑁𝑁 × 1 vector of random variables, and �𝐀𝐀1𝑘𝑘,𝐀𝐀2𝑘𝑘, … ,𝐀𝐀𝑝𝑝𝑝𝑝�𝑘𝑘=1
𝐾𝐾

 

are pK, 𝑁𝑁 × 𝑁𝑁 matrices of autoregressive coefficients. 
The key difference between the two classes of models is the rationale underlying 

regime switches. More specifically, in threshold models, regimes are determined by the 
value of an observable variable (or combinations thereof), also known as threshold variable 
(see Tong, 1983), while, in Markov switching models, they are generated by a latent variable 
with Markov structure (see Hamilton, 1990). In the following, we focus on the methodology 
of forecasting that we adopt for threshold and Markov switching models. 
 
3.1 Threshold Vector Autoregressive Model 
In a Threshold Vector Autoregressive model (TVAR) (Tong, 1983), 𝑆𝑆𝑡𝑡 assumes K values 
depending on the value of a threshold variable z at time 𝑡𝑡 − 𝑑𝑑: 

 𝑆𝑆𝑡𝑡 = �

1
2
⋮
𝐾𝐾

       

 𝑖𝑖𝑖𝑖 𝑧𝑧𝑡𝑡−𝑑𝑑 ≤ 𝑧𝑧1∗
 𝑖𝑖𝑖𝑖 𝑧𝑧1∗ < 𝑧𝑧𝑡𝑡−𝑑𝑑 ≤ 𝑧𝑧2∗

⋮
 𝑖𝑖𝑖𝑖 𝑧𝑧𝐾𝐾−1∗ < 𝑧𝑧𝑡𝑡−𝑑𝑑

 ,  (2) 

where {𝑧𝑧1∗, 𝑧𝑧2∗, … , 𝑧𝑧𝐾𝐾−1∗ } are 𝐾𝐾 − 1 thresholds and the positive integer d is the delay with 
which the threshold variable operates. The threshold variable can be a single variable or a 
combination of many variables. Furthermore, it can be endogenous or exogenous. In the 
former case the model is referred to as Self-Exciting Threshold Autoregressive (SETAR). 
While the threshold variable is observable, threshold values are unobservable. Therefore, 
{𝑧𝑧1∗, 𝑧𝑧2∗, … , 𝑧𝑧𝐾𝐾−1∗ } have to be estimated in order to infer which regime prevails at any given 
point in time. 

The TVAR model in (1) has K sets of parameters �𝝁𝝁𝑘𝑘,𝐀𝐀1𝑘𝑘,𝐀𝐀2𝑘𝑘, … ,𝐀𝐀𝑝𝑝𝑝𝑝,𝛀𝛀𝑢𝑢𝑢𝑢�, one for 

each regime, and the threshold values {𝑧𝑧1∗, 𝑧𝑧2∗, … , 𝑧𝑧𝐾𝐾−1∗ } to be estimated. A two-step procedure 
is usually employed for this purpose. The first step consists of the estimation of the 
threshold values {𝑧𝑧1∗, 𝑧𝑧2∗, … , 𝑧𝑧𝐾𝐾−1∗ }, which are the source of the non-linearity in the model. 
Afterwards, the second step involves the estimation of the parameters of the resulting K 
VARs through Conditional Least Squares. The key issue relates to the first step, i.e., the 
estimation of the threshold values. We adopt the procedure adopted by Tsay (1998), which 
is a multivariate extension of the results in Chan (1993) and Hansen (2000). We focus on 
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the special case of 𝐾𝐾 = 2 (two regimes and one threshold), 𝑝𝑝 = 1 (only one lag) and no 
exogenous variables, but the procedure can be easily generalized. With two regimes, we can 
write the TVAR model as: 

 𝒚𝒚𝑡𝑡 = �
𝝁𝝁1 + 𝐀𝐀11𝒚𝒚𝑡𝑡−1 + 𝛀𝛀1

1/2𝝊𝝊𝑡𝑡
𝝁𝝁2 + 𝐀𝐀12𝒚𝒚𝑡𝑡−1 + 𝛀𝛀2

1/2𝝊𝝊𝑡𝑡
       𝑖𝑖𝑖𝑖 𝑧𝑧𝑡𝑡−𝑑𝑑 < 𝑧𝑧∗

𝑖𝑖𝑖𝑖 𝑧𝑧𝑡𝑡−𝑑𝑑 ≥ 𝑧𝑧∗ ,  (3) 

where 𝝊𝝊𝑡𝑡~𝐼𝐼𝐼𝐼𝐼𝐼(𝟎𝟎, 𝐈𝐈𝑁𝑁) is a white noise and 𝛀𝛀𝑆𝑆𝑡𝑡
1/2 can be obtained through a Cholesky 

decomposition of the matrix 𝛀𝛀𝑆𝑆𝒕𝒕 . We assume the threshold variable 𝑧𝑧𝑡𝑡 to be covariance 

stationary and continuous, and estimate the parameters of the model 
�𝝁𝝁1,𝝁𝝁2,𝐀𝐀11,𝐀𝐀12,𝛀𝛀1

1/2,𝛀𝛀2
1/2, 𝑧𝑧∗,𝑑𝑑� in the following two-step procedure. In the first step, for 

given 𝑧𝑧∗ and 𝑑𝑑, the model reduces to two separate VARs, depending on the values of the 
threshold variable. The two VARs can then be estimated individually by GLS. Among the 
other estimates, we obtain two sum of squares residuals (SSR), one for each equation: 
𝑆𝑆𝑆𝑆𝑆𝑆1(𝑧𝑧∗,𝑑𝑑) and 𝑆𝑆𝑆𝑆𝑆𝑆1(𝑧𝑧∗,𝑑𝑑).7 We define the total sum of squares of the residuals of the model 
in equation (3) as: 

𝑆𝑆𝑆𝑆𝑆𝑆(𝑧𝑧∗,𝑑𝑑) = 𝑆𝑆𝑆𝑆𝑆𝑆1(𝑧𝑧∗,𝑑𝑑) + 𝑆𝑆𝑆𝑆𝑆𝑆2(𝑧𝑧∗,𝑑𝑑) . 
In the second step, the conditional least squares of 𝑧𝑧∗ and 𝑑𝑑 are: 

�𝑧̂𝑧∗, 𝑑̂𝑑� = argmin
𝑧𝑧∗,𝑑𝑑

𝑆𝑆𝑆𝑆𝑆𝑆(𝑧𝑧∗,𝑑𝑑) . 

Finally, the estimates of the parameters 𝝁𝝁�𝑘𝑘, 𝐀𝐀�1𝑘𝑘 and 𝛀𝛀�𝑘𝑘are a function of 𝑧̂𝑧∗ and 𝑑̂𝑑, and 
can be easily computed through Conditional Least Squares. We define the following set of 𝐾𝐾 
dummy variables {𝐷𝐷1𝑡𝑡(∙),𝐷𝐷2𝑡𝑡(∙), … ,𝐷𝐷𝐾𝐾𝐾𝐾(∙)}𝑡𝑡=1𝑇𝑇 : 

𝐷𝐷1𝑡𝑡(𝑧𝑧𝑡𝑡−𝑑𝑑) = �10
𝑧𝑧𝑡𝑡−𝑑𝑑 ≤ 𝑧𝑧1∗
𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

, 𝐷𝐷2𝑡𝑡(𝑧𝑧𝑡𝑡−𝑑𝑑) = �10
𝑖𝑖𝑖𝑖 𝑧𝑧1∗ < 𝑧𝑧𝑡𝑡−𝑑𝑑 ≤ 𝑧𝑧2∗

𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
, ⋯ ,

𝐷𝐷𝐾𝐾𝐾𝐾(𝑧𝑧𝑡𝑡−𝑑𝑑) = �10
𝑖𝑖𝑖𝑖 𝑧𝑧𝐾𝐾−1∗ < 𝑧𝑧𝑡𝑡−𝑑𝑑
𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

 , 

and rewrite the model in (1) in the following way: 

 𝒚𝒚𝑡𝑡 = �𝐷𝐷𝑘𝑘𝑘𝑘(𝑧𝑧𝑡𝑡−𝑑𝑑)�𝝁𝝁𝑘𝑘 + �𝐀𝐀𝑗𝑗𝑗𝑗𝒚𝒚𝑡𝑡−𝑗𝑗

𝑝𝑝

𝑗𝑗=1

�
𝐾𝐾

𝑘𝑘=1

+ 𝒖𝒖𝑡𝑡 ,  (4) 

where, in addition to equation (1), 𝐷𝐷𝑘𝑘𝑘𝑘(𝑧𝑧) is the k-th dummy variable of the set above.8 On a 
forecasting horizon ℎ ≥ 1, assuming 𝑑𝑑 ≥ ℎ, we can obtain the following direct forecast: 

 E𝑡𝑡[𝒚𝒚𝑡𝑡+ℎ] = �𝐷𝐷𝑘𝑘(𝑡𝑡+ℎ)(𝑧𝑧𝑡𝑡+ℎ−𝑑𝑑)�𝝁𝝁�𝑘𝑘 + 𝐀𝐀�ℎ𝑘𝑘𝒚𝒚𝑡𝑡 + 𝐁𝐁�ℎ𝑘𝑘𝒙𝒙𝑡𝑡�
𝐾𝐾

𝑘𝑘=1

 .  (5) 

where 𝒙𝒙𝑡𝑡 contains exogenous predictors and 𝑑𝑑 ≥ ℎ, which implies that 𝑧𝑧𝑡𝑡+ℎ−𝑑𝑑  and, thus, 

7 The two sum of squares residuals statistics are a function of the selected parameters 𝑧𝑧∗ and 𝑑𝑑. 
8 Since regimes are exhaustive and mutually exclusive, such a specification does not suffer of dummy 
variable trap. In other words, ∑ 𝐷𝐷𝑘𝑘𝑘𝑘(𝑧𝑧)𝐾𝐾

𝑘𝑘=1 = 1 for any t. 
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𝐷𝐷𝑘𝑘(𝑡𝑡+ℎ)(𝑧𝑧𝑡𝑡+ℎ−𝑑𝑑) are known. 

In order to perform an iterated forecast, instead, we must treat all the variables as 
endogenous. On a forecast horizon ℎ ≥ 1, assuming 𝑑𝑑 = 1 and 𝑝𝑝 = 1, the one-step ahead 
forecast 𝒚𝒚�𝑡𝑡+1 is: 

E𝑡𝑡[𝒚𝒚𝑡𝑡+1] = �𝐷𝐷𝑘𝑘(𝑡𝑡+1)(𝑧𝑧𝑡𝑡)�𝝁𝝁�𝑘𝑘 + 𝐀𝐀�1𝑘𝑘𝒚𝒚𝑡𝑡�
𝐾𝐾

𝑘𝑘=1

 . 

However, when performing a multi-step ahead forecast, the situation is rather different, 
because 𝑧𝑧𝑡𝑡+1 is unknown (and, consequently, is a random variable). More precisely, 
considering the forecast at time 𝑡𝑡 + 2:9 

E𝑡𝑡[𝒚𝒚𝑡𝑡+2] = �𝑝̂𝑝𝑘𝑘(𝑡𝑡+2) �𝝁𝝁�𝑘𝑘 + 𝐀𝐀�1𝑘𝑘�𝐷𝐷𝑘𝑘(𝑡𝑡+1)(𝑧𝑧𝑡𝑡)�𝝁𝝁�𝑘𝑘 + 𝐀𝐀�1𝑘𝑘𝒚𝒚𝑡𝑡�
𝐾𝐾

𝑘𝑘=1

�
𝐾𝐾

𝑘𝑘=1

 , 

where 𝑝𝑝𝑘𝑘(𝑡𝑡+2) = 𝑃𝑃𝑃𝑃�𝐷𝐷𝑘𝑘(𝑡𝑡+2)(𝑧𝑧𝑡𝑡+1) = 1�𝑧𝑧𝑡𝑡� = 𝑃𝑃𝑃𝑃(𝑧𝑧𝑘𝑘−1∗ < 𝑧𝑧𝑡𝑡+1 ≤ 𝑧𝑧𝑘𝑘∗). 𝑝̂𝑝𝑘𝑘(𝑡𝑡+2) is, therefore, a 

function of 𝑧𝑧𝑡𝑡+1, which is a random variable. We can simulate the values of  𝑧𝑧𝑡𝑡+1 in order to 
estimate 𝑝̂𝑝𝑘𝑘(𝑡𝑡+2). In particular, assuming that z is the i-th endogenous variable in the TVAR 

model, it follows that: 

𝑧𝑧𝑡𝑡+1 = �𝐷𝐷𝑘𝑘(𝑡𝑡+1)(𝑧𝑧𝑡𝑡)�𝝁𝝁𝑘𝑘(𝑖𝑖) + 𝐀𝐀1𝑘𝑘
(𝑖𝑖)𝑧𝑧𝑡𝑡�

𝐾𝐾

𝑘𝑘=1

+ 𝜀𝜀𝑡𝑡+1 , 

where the superscript (i) indicates the i-th row of the corresponding matrix. We generate a 
great number of random values for 𝜀𝜀𝑡𝑡+1 from the normal distribution and estimate 
E𝑡𝑡(𝑧𝑧𝑡𝑡+1|𝜀𝜀𝑡𝑡+1) for each of them. The estimated values are ordered and assigned to a regime 
depending on how they rank with respect to the estimated thresholds {𝑧̂𝑧1∗, 𝑧̂𝑧2∗, … , 𝑧̂𝑧𝐾𝐾−1∗ }. 
Finally, �𝑝̂𝑝𝑘𝑘(𝑡𝑡+2)�𝑘𝑘=1

𝐾𝐾
 can be obtained by dividing the number of estimated 𝑧𝑧𝑡𝑡+1 in each regime 

by the total number of simulations.10 This procedure can be applied recursively until the 
forecasting horizon h has been reached.11 
 
3.2 Markov Switching Vector Autoregressive Model 
In Markov switching models, we assume that the switching variable 𝑆𝑆𝑡𝑡 in Equation (1) is 
latent and follows a discrete, first-order, k-state, time-homogeneous, irreducible, and 
ergodic Markov chain process. 

9 Given a continuous random variable 𝑋𝑋 ∈ ℝ and a Bernoulli random variable 𝐷𝐷~𝐵𝐵(1,𝑝𝑝): E[𝐷𝐷𝐷𝐷] =
E[𝐷𝐷𝐷𝐷|𝐷𝐷 = 1]𝑝𝑝 + E[𝐷𝐷𝐷𝐷|𝐷𝐷 = 0](1 − 𝑝𝑝) = E[𝑋𝑋|𝐷𝐷 = 1]𝑝𝑝. 
10 The higher the number, the smaller the standard errors of the estimates 𝑝̂𝑝𝑘𝑘(𝑡𝑡+2) for k = 1, 2, …, K. 
11 For any given number n of simulations between each period¸ the total number of simulations 
needed to perform the iterated forecast is 𝑛𝑛ℎ−1. 
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Markov Switching models are estimated through the Expectation-Maximization (EM) 
algorithm (Dempster et al, 1977; Hamilton 1990). Grounded in a frequentist framework, it 
consists of first estimating the unknown parameters of the model by Maximum Likelihood 
Estimation (MLE) (Krolzig, 1997), and then, conditional on the parameter estimates, making 
inferences on the state variable 𝑆𝑆𝑡𝑡. 12 The procedure is iterated until the point estimates of 
the parameters converge (see Guidolin, 2012). 

More specifically, it is possible to rewrite the model in its state-space form: 
 

Measurement: 𝒚𝒚𝑡𝑡 = 𝐘𝐘𝑡𝑡𝚿𝚿(𝝃𝝃𝑡𝑡 ⊗ 𝛊𝛊𝑁𝑁) + 𝚺𝚺∗(𝝃𝝃𝑡𝑡 ⊗ 𝐈𝐈𝑁𝑁)𝜺𝜺𝑡𝑡  (6) 
Transition: 𝝃𝝃𝑡𝑡+1 = 𝐏𝐏′𝝃𝝃𝑡𝑡 + 𝒖𝒖𝑡𝑡+1 ,  (7) 
   
where 𝐘𝐘𝑡𝑡 is a 𝑁𝑁 × (𝑁𝑁𝑁𝑁 + 1) vector with structure [1 𝒚𝒚𝑡𝑡−1′ ⋯ 𝒚𝒚𝑡𝑡−𝑝𝑝′ ]⊗ 𝛊𝛊𝑁𝑁 , 𝚿𝚿 is a 
(𝑁𝑁𝑁𝑁 + 1) × 𝑁𝑁𝑁𝑁 matrix containing the parameters of the VAR, and 𝚺𝚺∗ is a 𝑁𝑁 × 𝑁𝑁𝑁𝑁 matrix 
containing all the K Choleski factors {𝚺𝚺1,𝚺𝚺2, … ,𝚺𝚺𝐾𝐾} for which 𝚺𝚺∗(𝝃𝝃𝑡𝑡 ⊗ 𝐈𝐈𝑁𝑁)(𝝃𝝃𝑡𝑡 ⊗ 𝐈𝐈𝑁𝑁)′(𝚺𝚺∗)′ =
𝛀𝛀𝑆𝑆𝑡𝑡 . With regard to the innovations of the two equations, 𝜺𝜺𝑡𝑡~𝑁𝑁𝑁𝑁𝑁𝑁(𝟎𝟎, 𝐈𝐈𝑁𝑁), while 𝒖𝒖𝑡𝑡+1 is a zero-

mean discrete martingale difference sequence vector, uncorrelated not only with 𝜺𝜺𝑡𝑡+1, but 
also with 𝝃𝝃𝑡𝑡−𝑗𝑗, 𝜺𝜺𝑡𝑡−𝑗𝑗 , and 𝒚𝒚𝑡𝑡−𝑗𝑗  ∀𝑗𝑗 ≥ 0. 

Given the measurement and the transition equations, the EM algorithm works in the 
following way. Calling 𝜽𝜽 the vector collecting all the parameters of the model, we initialize 
the iteration with arbitrary 𝝃𝝃1 and 𝜽𝜽�0.13 Conditional on these parameters, we make inference 
on the filtered and smoothed probabilities, respectively �𝝃𝝃�𝑡𝑡|𝑡𝑡

1 �
𝑡𝑡=1

𝑇𝑇
 and �𝝃𝝃�𝑡𝑡|𝑇𝑇

1 �
𝑡𝑡=1

𝑇𝑇
 (expectation 

step). Conditional on these estimated smoothed probabilities, we use appropriate first-
order conditions to maximize the likelihood function, which is the joint PDF of the whole 
sample {𝒚𝒚𝑡𝑡}𝑡𝑡=1𝑇𝑇 , conditional on all the information available (ℑ𝑇𝑇) (maximization step): 

 𝑓𝑓 �{𝒚𝒚𝑡𝑡}𝑡𝑡=1𝑇𝑇 ��𝝃𝝃�𝑡𝑡1�𝑡𝑡=1
𝑇𝑇

,ℑ𝑇𝑇� = � �𝑓𝑓�𝒚𝒚𝑡𝑡�𝝃𝝃�𝑡𝑡1,ℑ𝑡𝑡−1�𝑃𝑃𝑃𝑃�𝝃𝝃�𝑡𝑡1�𝝃𝝃1�
𝑇𝑇

𝑡𝑡=1�𝝃𝝃�𝑡𝑡1�𝑡𝑡=1
𝑇𝑇

 .  (8) 

We obtain new estimates of the parameters 𝜽𝜽�1 in the maximization step. These estimates 
are then used to make new inference on the filtered and smoothed probabilities. The EM 

12 The estimation is actually performed by Quasi Maximum Likelihood Estimation (QMLE), as the 
distribution of the errors is unknown. QMLE estimates are consistent if the conditional mean 
function and the conditional variance function are correctly specified (Bollerslev and Wooldridge, 
1992). 
13 In the following, the subscript indicates the iteration number, while the accent ~ indicates that the 
estimate is still under an iteration algorithm. 
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procedure involves the iteration of the expectation and the maximization steps until 
convergence.14 Under standard regularity conditions, such as identifiability and stability, the 
ML estimates are consistent and asymptotically normal (Hamilton, 1990; Leroux, 1992).  

We refer to the following MSIVARH in order to estimate iterated forecasts: 
 𝒚𝒚𝑡𝑡+1 = 𝝁𝝁𝑆𝑆𝑡𝑡+1 + 𝐀𝐀1𝑆𝑆𝑡𝑡+1𝒚𝒚𝑡𝑡 + 𝛀𝛀𝑆𝑆𝑡𝑡+1

1/2 𝝊𝝊𝑡𝑡+1 .  (9) 
The one-step ahead forecast is: 

E[𝒚𝒚𝑡𝑡+1|ℑ𝑡𝑡] = ��𝝁𝝁�𝑘𝑘 + 𝐀𝐀�1𝑘𝑘𝒚𝒚𝑡𝑡�𝝃𝝃�𝑡𝑡|𝑡𝑡
′ 𝐏𝐏𝒆𝒆𝑘𝑘

𝐾𝐾

𝑘𝑘=1

 . 

However, a multi-step ahead is less straightforward. In particular, on a horizon ℎ > 1, 
{𝒚𝒚𝑡𝑡+ℎ−1,𝒚𝒚𝑡𝑡+ℎ−2, … ,𝒚𝒚𝑡𝑡+1} are unknown and have to be modelled. Their prediction, 
conditional on the information set ℑ𝑡𝑡, depends, in turn, on the filtered probabilities 
�𝝃𝝃�𝑡𝑡+ℎ−1|𝑡𝑡, 𝝃𝝃�𝑡𝑡+ℎ−2|𝑡𝑡, … , 𝝃𝝃�𝑡𝑡+1|𝑡𝑡�, which are autocorrelated due to regime switching.15 We follow 

the suggestion of Doan, Littermann, and Sims (1984), who substitute 
�E�[𝒚𝒚𝑡𝑡+ℎ−1|ℑ𝑡𝑡], E�[𝒚𝒚𝑡𝑡+ℎ−2|ℑ𝑡𝑡], … , E�[𝒚𝒚𝑡𝑡+1|ℑ𝑡𝑡]� for {E[𝒚𝒚𝑡𝑡+ℎ−1|ℑ𝑡𝑡+ℎ−2], E[𝒚𝒚𝑡𝑡+ℎ−2|ℑ𝑡𝑡+ℎ−3], … ,

E[𝒚𝒚𝑡𝑡+1|ℑ𝑡𝑡]}. Although this procedure incorrectly assumes that state price vectors are not 
autocorrelated, it is customary in applied studies (Guidolin, 2012). With this approximation, 
we can then use a simulation procedure to model {𝒚𝒚𝑡𝑡+ℎ−1,𝒚𝒚𝑡𝑡+ℎ−2, … ,𝒚𝒚𝑡𝑡+1}. More 
specifically, given the estimates of the parameters �𝝁𝝁𝑘𝑘,𝐀𝐀1𝑘𝑘,𝐁𝐁𝑘𝑘,𝛀𝛀𝑘𝑘

1/2 �
𝑘𝑘=1

𝐾𝐾
, of the matrix of 

transition probabilities P, and of the state price vector 𝝃𝝃𝑡𝑡, and assuming that 𝝊𝝊𝑡𝑡~𝑁𝑁𝑁𝑁𝑁𝑁(𝟎𝟎, 𝐈𝐈𝑁𝑁), 
we can simulate 𝒚𝒚𝑡𝑡+1 in the following way: 

𝒚𝒚�𝑡𝑡+1
(𝑖𝑖) = ��𝝁𝝁�𝑘𝑘 + 𝐀𝐀�1𝑘𝑘𝒚𝒚𝑡𝑡�𝝃𝝃�𝑡𝑡|𝑡𝑡

′ 𝐏𝐏𝒆𝒆𝑘𝑘

𝐾𝐾

𝑘𝑘=1

+ 𝛀𝛀�𝑡𝑡+1|𝑡𝑡
1/2 𝝊𝝊�𝑡𝑡+1

(𝑖𝑖)  , 

where, performing n simulations, the superscript (i) indicates the simulation number. In 
particular, the matrix 𝛀𝛀�𝑡𝑡+1|𝑡𝑡  does not equal to the average of the covariance matrices of the 

K regimes weighted by the filtered probabilities, because differences in the conditional 
means affect higher moments, including variance, and correlations among variables. The 
algorithm returns the set �𝒚𝒚�𝑡𝑡+1

(𝑖𝑖) �
𝑖𝑖=1

𝑛𝑛
. We can iterate the procedure for each simulation i until 

the horizon h is reached: 

𝒚𝒚�𝑡𝑡+ℎ
(𝑖𝑖) = ��𝝁𝝁�𝑘𝑘 + 𝐀𝐀�1𝑘𝑘𝒚𝒚�𝑡𝑡+ℎ−1

(𝑖𝑖) �𝝃𝝃�𝑡𝑡|𝑡𝑡
′ 𝐏𝐏ℎ𝒆𝒆𝑘𝑘

𝐾𝐾

𝑘𝑘=1

+ 𝛀𝛀�𝑡𝑡+ℎ|𝑡𝑡+ℎ−1
1/2 𝝊𝝊�𝑡𝑡+ℎ

(𝑖𝑖)  . 

14 Given two subsequent iteration having estimates 𝜽𝜽′ and 𝜽𝜽, convergence is achieved if 𝜽𝜽′ − 𝜽𝜽 < 𝜀𝜀,̅ 
with 𝜀𝜀  ̅being a small number (usually 𝑒𝑒−4). In other words, when the two subsequent iterations leave 
the estimated parameters approximately unaltered. 
15 Autocorrelation stems from the transition equation in (7). 
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Finally, the iterated forecast of 𝒚𝒚𝑡𝑡+ℎ is the average of the simulated values at 𝑡𝑡 + ℎ: 

E[𝒚𝒚𝑡𝑡+ℎ|ℑ𝑡𝑡] =
1
𝑛𝑛
�𝒚𝒚�𝑡𝑡+ℎ

(𝑖𝑖)
𝑛𝑛

𝑖𝑖=1

 . 

4. DATA AND RESULTS 

4.1 The Data 
We study monthly data on the excess returns on five US equity portfolios and on a standard 
set of predictive variables sampled over the period 1929:01 – 2012:12, a total of 1008 
observations. The data are collected from the Center for Research in Security Prices (CRSP) 
and Kenneth French’s data repository.16 

The portfolios are constructed in order to mimic five risk factors in the US market: 
Market, Size, Value, Momentum, and Low Volatility. The market portfolio is constituted by 
all the NYSE, AMEX and NASDAQ listed firms, value-weighted. Its excess returns are net of 
the risk-free rate, which we proxy using the 1-month T-Bill rate, consistently with Guidolin 
and Timmermann, 2008. We use the SMB, HML, MOM, and LOWVOL portfolios to mimic, 
respectively, the Size, Value, Momentum, and Low Volatility factors. The SMB and the HML 
portfolios are formed on the intersection of two size portfolios and three book-to-market 
portfolios (Fama and French, 1993). In particular, the SMB portfolio is long in small firms 
and short in big firms, while the HML portfolio is long in firms with high book-to-market 
equity and short in firms with low book-to-market equity. The MOM portfolio is long in firms 
with high returns and short in firms with low returns in the last 12 months (Fama and 
French, 2010). Finally, we construct the LOWVOL portfolio by sorting stocks on the basis of 
the realized variance of their returns in the previous 12 months. The factor-mimicking 
portfolio is the difference between the tenth decile (lowest realized variance) and the first 
decile (highest realized variance), and, consequently, is long in low volatility stocks and 
short in high volatility stocks. 

We also use lagged values of the dividend yield, term spread and default spread as 
prediction variables in order to improve the accuracy of the forecasts. These predictors are 
standard in the general forecasting literature (Fama and French, 1988; Fama, 1990; Guidolin 
and Ono, 2006), and the prevailing choice when forecasting excess returns of style 
portfolios, due to their high predictive power (Panopoulou and Pastira, 2014). The dividend 
yield (DY) is calculated as the logarithm of the ratio between the aggregate dividends on the 
value-weighted CRSP index over the last 12 months and the end-of-month price of the index. 

16 Kenneth French’s data repository is freely accessible on the following website: 
http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.html. 
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The term spread (TMS) is defined as the difference between the CRSP long-term bond yield, 
which corresponds to a 20-year Treasury bond rate, and the 1-month T-bill rate. Finally, the 
default spread (DFY) is the difference between the average Moody’s Bbb and Aaa seasoned 
corporate bonds with comparable maturities. We convert term spread and default spread to 
continuously compounding yield in order to make them consistent with the excess returns 
of the factor-mimicking portfolios. 

Table 1 provides summary statistics for the data. We report data on the full sample 
available (1929:01 – 2012:12) and on the prediction window (1980:01 – 2012:12), but we 
focus on the latter sample in the analysis. The data on factor-mimicking portfolio returns 
display features that are consistent with the asset pricing literature. The market, SMB, HML, 
and MOM portfolios achieve positive average excess returns, similarly to Carhart (1997). In 
annualized terms, the mean excess return of the market portfolio is 5.68%,17 which is a 
typical value in the literature on the equity risk premium (Fama and French, 2002), with a 
volatility of 16.15%.18 SMB has a lower average return, 1.11%, with a lower volatility, 
10.65%; HML has an average return of 4.74%, with a volatility of 10.57%. MOM is the most 
aggressive portfolio: it displays the highest average return, 6.14%, with a volatility of 
16.94%. LOWVOL, instead, performs poorly on the whole sample: its average return is 
deeply negative (-38.33%) and, at first glance, may raise some concern on the choice of 
LOWVOL as an investment asset. Although surprising, this finding is consistent with the 
finance literature, which ascertained the existence of the Low Volatility factor only in recent 
times (Blitz and Val Vliet, 2007). The high volatility (35.16% annualized) also supports the 
argument that the returns of LOWVOL may be strongly heterogeneous over time. The 
Jarque-Bera test, whose null hypothesis of zero skewness and zero excess kurtosis is 
rejected in all instances, shows that factor-mimicking portfolio returns and predictors are 
characterized by substantial deviation from normality. Finally, the correlation of SMB, HML, 
MOM, and LOWVOL returns with the market excess returns is low (never higher than 33%) 
and often negative (up to -50%). 
 These features are widely reported in the literature and support investors’ increasing 
interest in factor-mimicking portfolios. Based on this historical data, factor-mimicking 
portfolios are non-suboptimal investments to the market portfolio, in terms of average 

17 We always refer to continuously compounded returns, i.e., log returns. Annualized returns are 
therefore calculated in the following way: 𝑟̅𝑟𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 = 12𝑟̅𝑟𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚ℎ𝑙𝑙𝑙𝑙. 
18 We calculate annualized volatility in the following way: 𝜎𝜎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 = √12𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚ℎ𝑙𝑙𝑙𝑙. Such 
computation is based on the assumption that returns IID. Although the underlying hypothesis is 
strong, the measure is still useful for the comparison of summary statistics. 
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excess return and volatility. Furthermore, they look even more attractive on a multivariate 
perspective, as their negative correlation with the market allows for the construction of 
diversified portfolios with reduced volatility and comparable expected return. The return of 
such portfolios is, however, especially challenging to predict, due to the non-normalities that 
characterize their underlying assets, i.e. factor-mimicking portfolios. The outcomes of our 
study are, therefore, aimed at finding the multivariate model that is most likely to enhance 
the accuracy of the predictions on factor-mimicking portfolio returns. 
 
4.2 Empirical Results 
We study the performance of multivariate econometric models at forecasting monthly 
excess returns of the five factor-mimicking portfolios over the sample 1980:01 – 2012:12. 
The exercise is recursive and out-of-sample, as we only use information that were available 
at the time in which the forecast, either direct or iterated, is performed.19 However, we rely 
on the entire sample (1929:01 – 2012:12) when making inference on the goodness of fit of 
the models. For this reason, the finance literature usually terms these estimates pseudo out-
of-sample (Inoue and Kilian, 2005).20 Moreover, we consider three forecasting horizons, i.e., 
1-month, 3-month, and 12-month, which are standard not only in the forecasting literature, 
but also in research on portfolio optimization. 
 We compare four categories of multivariate models of increasing complexity. The 
simplest model is the constant expected return, which serves as a benchmark for the other 
models, as it rules out any predictability in factor excess returns. Vector autoregressive 
models introduce predictability from lagged returns and predictors. In this class of models, 
we rely on the VARX for direct forecasts and the VAR for iterated forecasts. The key 
difference in the two specifications relates to predictors, which are exogenous variables in 
the former case, while endogenous in the latter. Furthermore, threshold and Markov 
switching models extend the previous specifications by allowing for regime shifts in order 
to capture breaks and non-normal features of factor excess returns. In particular, threshold 
models count numerous possible specifications, depending on the lag structure, the 
threshold variable(s), and the delay parameter. This study focuses on a TVARX and a TVAR 
for better comparability with the VARX and the VAR models. The threshold variable 
considered is the Market excess return, with a delay equal to the smallest lag chosen. This 
choice is arbitrary, but consistent with previous findings in the finance literature, which 

19 In other words, when making a forecast from time t to time 𝑡𝑡 + ℎ, we only use data up to time t. 
20 In order to perform strictly out-of-sample forecasts, the goodness of fit of the models should be 
tested at each iteration. 
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stresses the persistence of bull and bear regimes across stock returns. With regard to 
Markov switching models, we consider several specification. First, we extend the naïve 
constant expected return model by introducing regime shifts in the mean parameter (MSI 
model). Furthermore, we allow volatility to be regime dependent as well, thus taking 
heteroskedasticity into account (MSIH model). Finally, we add lagged returns and predictors 
to the previous specification, and obtain a complete MSIVARH model. Therefore, we test a 
number of Markov switching models, rather than simply focusing on the model that fits the 
data best. This procedure allows for easier comparability, and is more robust to 
misspecifications in the model selection phase. As a result, we study the predictive accuracy 
of the following eight models: the constant expected return model (CER); two vector 
autoregressive models with direct and iterated forecasts (VARX and VAR, respectively); two 
threshold vector autoregressive models with direct and iterated forecasts (TVARX and VAR, 
respectively); three Markov switching models with switching intercept, of which one has no 
autoregressive terms and homoskedastic errors (MSI), one has no autoregressive terms and 
heteroskedastic errors (MSIH), and, finally, one with lag structure, predictors and 
heteroskedastic errors (MSIVARH). 

The rest of the Section is organized as follows. In Subsection 4.2.1 (Model Selection), 
we select the optimal specification for each model through information criteria. In 
Subsection 4.2.2 (Forecast Performance), we test whether forecasts are unbiased through 
simple Wald tests and Mincer-Zarnowitz regressions, and we compare the performance of 
the models using six standard measures of predictive accuracy. In Subsection 4.2.3 (Testing 
for Differential Forecasting Accuracy) we test whether such differences in predictive 
accuracy are statistically significant. We adopt Diebold-Mariano tests for this purpose. 

The first key task in any empirical application involves the selection of the most 
appropriate model for the data set. Model adequacy is inevitably linked with the purpose of 
the analysis, as a misspecified model is unlikely to produce unbiased and accurate forecast. 
Therefore, for each model considered, we study the specification which fits the data best. 
With this regard, we use three standard criteria to sort through the candidate models: the 
Akaike Information Criterion (AIC), the Schwartz Criterion (SC), and the Hannan-Quinn 
Criterion (HQ). For a general model, the relative statistics can be computed as follows: 

AIC =
1
𝑇𝑇
�−2𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙�𝜽𝜽�� + 2𝑑𝑑𝑑𝑑𝑑𝑑�𝜽𝜽��� 

SC =
1
𝑇𝑇
�−2𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙�𝜽𝜽�� + 𝑑𝑑𝑑𝑑𝑑𝑑�𝜽𝜽�� ln𝑇𝑇� 

HQ =
1
𝑇𝑇
�−2𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙�𝜽𝜽�� + 2𝑑𝑑𝑑𝑑𝑑𝑑�𝜽𝜽�� ln(ln𝑇𝑇)� , 

where −𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙(∙) is the minimum of the logLikelihood function of the model, 𝜽𝜽� is the vector 
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containing the estimates of the parameters, and T is the sample size. Each criterion selects 
the model that minimizes the corresponding statistic. We rely on these measures because 
they trade-off in-sample fit with out-of-sample forecast accuracy, which is the key focus of 
this study (Guidolin and Ono, 2006). Furthermore, they penalize models with a large number 
of parameters, and therefore privilege parsimonious specifications. The AIC, SC, and HQ 
criteria are well established in the literature and widely used to compare models with a 
different number of regimes, as the statistics do not suffer of parameter nuisance (Roeder 
and Wassermann, 1997). 

We analyze a large number of specifications which are fitted on the whole sample 
(1929:01 – 2012:12) and vary in the number of lags, p, and regimes, K. We consider models 
with up to three lags (𝑝𝑝 ≤ 3), three regimes (𝐾𝐾 ≤ 3),21 and with a saturation ratio higher 
than 20 (calculated on the full sample).22 We look at the values of the information criteria in 
order to choose the best specification for each model. The AIC, the SC, and the HQ criterion 
sometimes point at different specifications, for instance in the case of the VARX and the VAR. 
In particular, the AIC prefers a greater number of lags, while the SC and the HQ criteria are 
more parsimonious, as they usually favour models with a smaller number of parameters. 
This is due to the fact that, differently from the SC and the HQ criteria, the AIC is not 
asymptotically consistent and is biased towards more parametrized models.23 For this 
reason, we rely on the Hannan-Quinn criterion and select the VARX(1,1) and the VAR(2). 
The selection of the TVARX(2,1,1) and the TVAR(2,2) follows the same logic. With regard to 
Markov switching models, instead, the decision is straightforward, as the three criteria do 
not diverge. Consequently, we use the MSI(3), the MSIH(3), and the MSIVARH(3,1) models 
in the analysis. 

Interestingly, the optimal number of regimes in threshold and Markov switching 
models seems to be different. Information criteria deem threshold models with more than 

21 The analysis of forecast accuracy of MSI and MSIH models with up to 6 regimes does not lead to 
any different outcome. In particular, their prediction errors rank very similarly to the corresponding 
models with 3 regimes. 
22 The saturation ratio of a model is defined as the ratio between the number of observations 
available and the number of parameters to be estimated. Values of the saturation ratio between 15 
and 20 are sometimes accepted in the literature. We set 20 as a threshold because, in performing the 
out-of-sample forecasts, we estimate models on expanding subsamples, in which a smaller number 
of observation. The earliest window of data in the analysis (1929:01 – 1979:12), for instance, 
includes 612 observations. A saturation ratio of 20 on the full sample is just 12.14 for this subsample. 
23 Given a sample size n, an estimator 𝑝̂𝑝 of the true specification of the model is consistent if: 
lim
𝑛𝑛→∞

𝑃𝑃𝑃𝑃(𝑝̂𝑝𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑝𝑝𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡) = 1, where 𝑝̂𝑝𝑠𝑠𝑠𝑠𝑠𝑠  is the specification chosen by the estimator and 𝑝𝑝𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 is the 
true, but unknown specification. 
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two regimes to be suboptimal, but support the choice of richly parametrized Markov 
switching models. With this regard, they are especially useful to balance the trade-off 
implied in the selection of the appropriate number of regimes. In particular, models with 
many regimes are more likely to fit complex dynamics and non-normal features of the time 
series. However, more states demand more parameters. The higher number of parameters 
results in higher standard errors of the estimates, which are likely adversely affect the 
predictive accuracy of the model, especially if the saturation ratio is low. The sample 
available in our study, which includes 1008 monthly observations, is unfortunately too small 
to consider Markov switching models based on more than three regimes. 
4.2.1 Forecasting Performance 
We study out-of-sample, point forecasts of the excess returns of the five style portfolios as 
follows. We recursively estimate the eight multivariate models on an expanding window of 
monthly observations, which starts from 1929:01 – 1979:12 and proceeds up to 2012:12. 
The last sample is, therefore, 1929:01 – 2012:11. Then, we use the models to make forecasts 
in the resulting window 1980:01 – 2012:12. In particular, each model, in every month t of 
the forecasting window, leads to three predictions, conditionally on the information 
available at time 𝑡𝑡 − 1, 𝑡𝑡 − 3, and 𝑡𝑡 − 12. Eventually, for the 5 factor portfolios, we obtain 3 
estimates of returns for 396 months, coming from 8 different models, for a total of 47’520 
predictions. For each point forecast, we define the forecast error from model ℳ𝑖𝑖 , at time t, 
on a horizon h, and on factor j, as:24 

𝑒̂𝑒𝑡𝑡,𝑡𝑡+ℎ
𝑗𝑗,ℳ𝑖𝑖 = 𝑟𝑟𝑡𝑡+ℎ

𝑗𝑗 − 𝑟̂𝑟𝑡𝑡,𝑡𝑡+ℎ
𝑗𝑗,ℳ𝑖𝑖  , 

where 𝑟𝑟𝑡𝑡+ℎ
𝑗𝑗  is the actual return of factor j at time 𝑡𝑡 + ℎ, and 𝑟̂𝑟𝑡𝑡,𝑡𝑡+ℎ

𝑗𝑗,ℳ𝑖𝑖  is the forecast from model 

ℳ𝑖𝑖  for time 𝑡𝑡 + ℎ, conditional on the information available at time t. 
In this Section, we introduce three analyses on the forecast errors. We first test 

whether forecast models are unbiased through a simple Wald test on the Forecast Error 
Bias. Furthermore, we rely on the Mincer and Zarnowitz (1969) regression to corroborate 
and extend the previous results. Finally, we evaluate six measures of predictive accuracy in 
order to compare the predictive accuracy of the models with respect to each portfolio and 
time horizon considered.  

A forecast model ℳ𝑖𝑖  is unbiased on a horizon h if: 25 
E�𝑒𝑒𝑡𝑡,𝑡𝑡+ℎ

𝑗𝑗,ℳ𝑖𝑖 � = 𝑟𝑟𝑡𝑡+ℎ
𝑗𝑗 − E�𝑟𝑟𝑡𝑡,𝑡𝑡+ℎ

𝑗𝑗,ℳ𝑖𝑖� = 0 , ∀𝑡𝑡 . 

24 Alternatively, E𝑡𝑡 �𝑒𝑒𝑡𝑡+ℎ
𝑗𝑗,ℳ𝑖𝑖� = 𝑟𝑟𝑡𝑡+ℎ

𝑗𝑗 − E𝑡𝑡 �𝑟𝑟𝑡𝑡+ℎ
𝑗𝑗,ℳ𝑖𝑖�. 

25 The bias of an estimator 𝜃𝜃� is defined as 𝐵𝐵�𝜃𝜃�� = E�𝜃𝜃�� − 𝜃𝜃. An estimator 𝜃𝜃� is unbiased if and only if 
its bias 𝐵𝐵�𝜃𝜃�� is 0, i.e., E�𝜃𝜃�� = 𝜃𝜃. 
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We use the Forecast Error Bias (FEB), which is defined as the mean of the estimated forecast 
errors, as an estimator for the expected prediction error. Therefore, for any ℳ𝑖𝑖 , h, and j, we 
test whether the FEB is statistically different from 0. If this is true, there is empirical 
evidence that model ℳ𝑖𝑖  is biased in forecasting returns of factor j, on a horizon h. Table 2 
(Panel A) collects the outcome of the tests. The forecast models generally produce unbiased 
forecasts for the excess returns of the market, SMB, HML, and MOM portfolios, with few 
exceptions. In particular, the TVAR(2,2) model seem to be biased in forecasting excess 
returns on the 3-month and the 12-month horizon for the majority of factor-mimicking 
portfolios. However, the MSIVARH(3,1) stands out as the only model to be unbiased in the 
prediction of the excess returns of LOWVOL at all horizons. 

We also rely on Mincer-Zarnowitz (1969, MZ) regressions to assess the validity of the 
previous results and to give more colour to the analysis. We estimate the following: 

𝑟𝑟𝑡𝑡+ℎ
𝑗𝑗 = 𝛽𝛽ℎ,0

𝑗𝑗 + 𝛽𝛽ℎ,1
𝑗𝑗 𝑟̂𝑟𝑡𝑡,𝑡𝑡+ℎ

𝑗𝑗,ℳ𝑖𝑖 + 𝜀𝜀𝑡𝑡,𝑡𝑡+ℎ
𝑗𝑗,ℳ𝑖𝑖  . 

The model ℳ𝑖𝑖  is unbiased in forecasting returns of factor j on a horizon h, if 𝛽𝛽ℎ,0
𝑗𝑗 = 0 and 

𝛽𝛽ℎ,1
𝑗𝑗 = 1. 26 Therefore, we test the two assumptions individually, through Wald t-tests, and 

jointly, through F-tests. We perform the regression for each combination of model ℳ𝑖𝑖 , factor 
j, and horizon h, and display the results of the F-test in Table 2 (Panel B). The MZ regressions 
lead to a stricter selection, as the hypothesis that, simultaneously, 𝛽𝛽ℎ,0

𝑗𝑗 = 0 and 𝛽𝛽ℎ,1
𝑗𝑗 = 1 is 

strongly rejected in a greater number of cases. From the MZ regressions, the CER, the MSI(3), 
and the MSIH(3) are likely to be the only models capable of producing unbiased forecasts on 
the excess returns of the market, SMB, HML, and MOM portfolios, with few exceptions. 
Moreover, the F-tests shows that there may not be an unbiased model for LOWVOL among 
the ones considered, as even the MSIVARH(3,1) appear to be biased on the three horizons.  
Surprisingly, unbiasedness does not appear to be correlated with the forecasting horizon, 
given that there are several cases in which the bias appear for ℎ = 1 or ℎ = 3, but not ℎ =
12. The adjusted-R2 of the regressions can also provide some indication on the predictive 
accuracy of unbiased models. We do not report results, but unbiased models look quite 
inaccurate: the CER, the MSI(3), and the MSIH(3) model, although unbiased for all factor 
portfolios except LOWVOL, have incredibly low R2s (often smaller than 1%). 

The latest result highlights that unbiasedness gives little indication about predictive 
accuracy. If a forecast model is unbiased on a horizon h, its predictions for 𝑡𝑡 + ℎ, conditional 
on time t, are, on average, centred on the actual values of the variable at 𝑡𝑡 + ℎ. However, 

26 An identical approach involves the following regression: 𝑒̂𝑒𝑡𝑡,𝑡𝑡+ℎ
𝑗𝑗,ℳ𝑖𝑖 = 𝛾𝛾0,ℎ

𝑗𝑗 + 𝛾𝛾1,ℎ
𝑗𝑗 𝑟̂𝑟𝑡𝑡,𝑡𝑡+ℎ

𝑗𝑗,ℳ𝑖𝑖 + 𝜉𝜉𝑡𝑡,𝑡𝑡+ℎ
𝑗𝑗,ℳ𝑖𝑖 . The 

forecast model is unbiased if 𝛾𝛾0,ℎ
𝑗𝑗 = 0 and 𝛾𝛾1,ℎ

𝑗𝑗 = 0. 
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there is no guarantee that unbiased forecasts are more accurate than biased ones. Therefore, 
in addition to the FEB, we compute five measures of predictive accuracy, which are standard 
in the forecasting literature (Guidolin et al, 2009). These measures are the Root Mean 
Squared of Forecast Error (RMSFE), the Forecast Error Variance (FEV), the Mean Absolute 
Forecast Error (MAFE), the Mean Percent Forecast Error (MPFE), and the Success Ratio (SR). 
In particular, for each factor-mimicking portfolio j, horizon h, and model ℳ𝑖𝑖: 

RMSFE𝑗𝑗,ℎ,ℳ𝑖𝑖 = �
1
𝑇𝑇
��𝑒̂𝑒𝑡𝑡,𝑡𝑡+ℎ

𝑗𝑗,ℳ𝑖𝑖 �
2

𝑇𝑇

𝑡𝑡=1

 

FEV𝑗𝑗,ℎ,ℳ𝑖𝑖 =
1
𝑇𝑇
��𝑒̂𝑒𝑡𝑡,𝑡𝑡+ℎ

𝑗𝑗,ℳ𝑖𝑖 − 𝑒̅𝑒𝑗𝑗,ℳ𝑖𝑖�
2

𝑇𝑇

𝑡𝑡=1

 

MAFE𝑗𝑗,ℎ,ℳ𝑖𝑖 =
1
𝑇𝑇
��𝑒̂𝑒𝑡𝑡,𝑡𝑡+ℎ

𝑗𝑗,ℳ𝑖𝑖 �
𝑇𝑇

𝑡𝑡=1

 

MPFE𝑗𝑗,ℎ,ℳ𝑖𝑖 =
100%
𝑇𝑇

�
𝑒̂𝑒𝑡𝑡,𝑡𝑡+ℎ
𝑗𝑗,ℳ𝑖𝑖

𝑟𝑟𝑡𝑡+ℎ
𝑗𝑗

𝑇𝑇

𝑡𝑡=1

 

SR𝑗𝑗,ℎ,ℳ𝑖𝑖 =
1
𝑇𝑇
�#𝑟𝑟𝑡𝑡+ℎ

𝑗𝑗 ∗ 𝑟̂𝑟𝑡𝑡,𝑡𝑡+ℎ
𝑗𝑗,ℳ𝑖𝑖 ≥ 0� , 

where T is the size of the sample, and #𝑟𝑟𝑡𝑡+ℎ
𝑗𝑗 ∗ 𝑟̂𝑟𝑡𝑡,𝑡𝑡+ℎ

𝑗𝑗,ℳ𝑖𝑖 ≥ 0 indicates the number of times in 

which the forecast return and the actual return have the same sign. Given the high number 
of statistics, we decided to collect them in Table 3 as follows: Panel A displays the top three 
models in the six measures for each model ℳ𝑖𝑖  and forecast horizon h, given factor j, while 
Panel B focuses on the percentage of times in which a model ranks among the top three 
candidates for each measure considered. Consistently with the MZ regressions, the CER, 
MSI(3), and MSIH(3) are generally the best performing models, as they appear in the top of 
the ranking 66%, 68%, and 63% of the times, respectively. This result is remarkable because 
it shows that, although with some exceptions, linear and non-linear models without 
autoregressive terms lead to a superior performance to models with a lag structure. 
Consequently, it casts doubts on the effective predictive power of the dividend yield, the 
term spread and the default spread in a multivariate setting. 27 The good performance of the 
CER model is surprising, and suggests that factor-mimicking portfolio excess returns may 
be randomly distributed around their sample mean, thus supporting the idea that they may 
not be predictable. This is partially consistent with general findings on stock return 
predictability with monthly data. Establishing a clear ranking among the CER, the MSI(3), 

27 This is similar to Guidolin and Timmermann (2008) who ackowledge that the best specification 
for the forecasts on the Size and Value factors does not include autoregressive terms. 
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and the MSIH(3) models is instead hard, as their measures of predictive accuracy display 
similar values. More specifically, the MSI(3) and the MSIH(3) models produce smaller 
RMSFE, MAFE, and SR than the CER model on all the horizons considered. This is mainly due 
to their ability to minimize the Forecast Error Variance (FEV), and is in line with the results 
in Guidolin et al (2009), who prove the superior predictive accuracy of Markov Switching 
models. In addition, the MSI(3) and the MSIH(3) models perform marginally better when 
forecasting excess returns of SMB, HML, and MOM. Interestingly, threshold models not only 
are outperformed by Markov switching models in many instances, but are also unlikely to 
improve the forecast accuracy of their corresponding linear models, as they often rank 
worse in almost all measures. 

The performance of the multivariate models seems to be independent of the forecast 
horizon. Although the accuracy of the forecasts generally worsens as the horizon lengthens, 
with the RMSFE and the MAFE increasing and the SR decreasing, the rankings in Table 3 are, 
in fact, not affected by changes in h. The rankings are, instead, very different depending on 
the factor being considered. For instance, the CER, the MSI(3), and the MSIH(3) model 
dominates when forecasting the market excess returns, for which they rank in the top class 
94%, 89%, and 94% of the times, respectively, while their outperformance is less tangible 
for the HML and MOM portfolios. The Low Volatility factor-mimicking portfolio, instead, 
appear to be the toughest to predict: RMSFE and MAFE are 2 to 4 times higher for LOWVOL, 
while the success ratio is as low as 63%. The MSIVARH(3,1) model, which is the most flexible 
among the eight considered, is particularly successful in capturing its dynamics (72% of the 
times, against an average of 18% on the other factors). The MSIVARH(3,1) is always among 
the top picks for minimizing the RMSFE, the MAFE and the FEV on LOWVOL, while still 
producing forecasts having the smallest possible bias, as we expected from the previous 
findings. 

In fact, the analysis has been conducted on a purely relative basis so far. We have 
proved the statistical unbiasedness of some forecast models, and found out which ones are 
more accurate in recursive, out-of-sample forecasts of the excess returns of the factor-
mimicking portfolios. However, the conclusion that one model is likely to perform better 
than another does not imply that its forecasts are good enough to be used in empirical 
applications. For instance, the MAFE, which gives an intuitive indication of the average 
forecast error, ranges between 2.0% and 3.5% for MKT-RF, SMB, HML, and MOM, while their 
monthly average excess return is only between 0.1% and 0.6%. The adjusted-R2s of the MZ 
regressions stress the same concept, and casts further doubt on actual predictability in 
factor-mimicking portfolio excess returns in a multivariate setting. 
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4.2.2 Testing for Differential Forecasting Accuracy 
We have tested whether the eight forecast models are unbiased, and ranked them according 
to their predictive accuracy. However, a relative comparison among forecasts cannot be 
comprehensive: the fact that model ℳ𝑖𝑖  ranks better than model ℳ𝑔𝑔 does not imply that the 

former is statistically more accurate than the latter. In other words, the measures and tools 
used so far do not provide evidence that the difference between ℳ𝑖𝑖  and ℳ𝑔𝑔 is statistically 

different from 0. In this Section, we apply Diebold and Mariano’s (1995, DM) test of equal 
predictive accuracy, which exactly serves this purpose. 
 The DM statistic tests whether the mean loss function values obtained from two 
alternative forecast models ℳ𝑖𝑖  and ℳ𝑔𝑔 are statistically different. Given a loss function 
𝐿𝐿�𝜀𝜀𝑡𝑡,𝑡𝑡+ℎ

𝑗𝑗,ℳ𝑖𝑖 �, we define the difference of the loss function of the two competing models in the 

following way: 

 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡,𝑗𝑗,ℎ
ℳ𝑖𝑖,ℳ𝑔𝑔 ≡ 𝐿𝐿�𝜀𝜀𝑡𝑡,𝑡𝑡+ℎ

𝑗𝑗,ℳ𝑖𝑖 � − 𝐿𝐿 �𝜀𝜀𝑡𝑡,𝑡𝑡+ℎ
𝑗𝑗,ℳ𝑔𝑔� .  

We test the null hypothesis that the mean of these differences is 0, i.e., E �𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡,𝑗𝑗,ℎ
ℳ𝑖𝑖,ℳ𝑔𝑔� = 0, 

through the following DM statistics: 

DM𝑡𝑡,𝑗𝑗,ℎ
ℳ𝑖𝑖,ℳ𝑔𝑔 =

1
𝑇𝑇 − ℎ∑ 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡,𝑗𝑗,ℎ

ℳ𝑖𝑖,ℳ𝑔𝑔𝑇𝑇
𝑡𝑡=1

𝜎𝜎� �𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡,𝑗𝑗,ℎ
ℳ𝑖𝑖,ℳ𝑔𝑔�

 , 

where 𝜎𝜎� �𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑡𝑡,𝑗𝑗,ℎ
ℳ𝑖𝑖,ℳ𝑔𝑔� is the estimate of the standard error of the loss differential between 

ℳ𝑖𝑖  and ℳ𝑔𝑔, and is usually computed by the Newey-West estimator.28 The DM statistic, 

under the assumption that the loss differential is covariance stationary, follows an 
asymptotically normal distribution (Diebold and Mariano, 1995): DM𝑡𝑡,𝑗𝑗,ℎ

ℳ𝑖𝑖,ℳ𝑔𝑔~𝑁𝑁(0, 1). If the 

null hypothesis is rejected, then we can conclude that model ℳ𝑖𝑖  leads to an expected loss 
that is higher than the expected loss from model ℳ𝑔𝑔. Hence, the latter model should be 

preferred. 
 The loss function indicates the cost or disutility associated with the differences 
between forecast return and actual return, and is, therefore, a function of the forecast error. 
The appropriate loss function depends on the utility function and the decision environment 
of the user (Diebold and Mariano, 1995). This study is aimed at general applications, 

28 Forecast errors in a h-period forecast follow 𝑀𝑀𝑀𝑀(ℎ − 1) processes. Diebold and Mariano (1995) 
use the Newey-West estimator because it corrects for the resulting autocorrelation. 
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therefore we consider two standard loss functions: square and absolute.29  In the former 
case, the loss associated with each prediction is the squared error, 𝐿𝐿�𝜀𝜀𝑡𝑡,𝑡𝑡+ℎ

𝑗𝑗,ℳ𝑖𝑖 � = �𝜀𝜀𝑡𝑡,𝑡𝑡+ℎ
𝑗𝑗,ℳ𝑖𝑖 �

2
, 

while in the latter case it is the absolute error, 𝐿𝐿�𝜀𝜀𝑡𝑡,𝑡𝑡+ℎ
𝑗𝑗,ℳ𝑖𝑖 � = �𝜀𝜀𝑡𝑡,𝑡𝑡+ℎ

𝑗𝑗,ℳ𝑖𝑖 �. The choice of these two 

functions is supported by Diebold and Lopez (1996), who highlight that optimal forecast 
errors enjoy desirable statistical properties under a squared loss function.30 In addition, the 
absolute loss function, although not differentiable in 𝜀𝜀𝑡𝑡,𝑡𝑡+ℎ

𝑗𝑗,ℳ𝑖𝑖 = 0, is more robust to outliers. 

The square and the absolute loss functions are symmetric, and, consequently, assign the 
same weight, or cost, to positive and negative errors. In empirical applications, the actual 
economic loss of the agent should be evaluated in order to define the appropriate function. 
Its utility function may, for instance, require an asymmetric loss function, thus depending 
on the entire distribution of forecast returns, rather than simply on their point estimate. It 
is also possible to specify a loss function that is different for the returns of each factor-
mimicking portfolio. This may be the case of a mutual fund consisting of a pool of investors 
with unequal amount of wealth allotted in the strategies. 
 The DM test requires the loss differential be covariance stationary. Using Augmented 
Dickey-Fuller tests, we verify whether this assumption is empirically correct for all the 
combinations of prediction errors, under the square and absolute loss function. The null 
hypothesis of unit root is rejected at the 1% significance level in all instances. Hence, we 
proceed in calculating the DM statistics. Tables 4-8 display the result of the DM tests for each 
style portfolio. The three Panels (A, B, and C) refer to the forecasting horizons considered 
(ℎ = 1, 3, 12), and are structured in the following way. The cells below the main diagonal 
contain the p-values of the DM test under the square loss function. The null hypothesis is 
rejected if the MSFE of two forecast models are statistically different. Similarly, the cells 
above the main diagonal contain the p-values of the DM test under the absolute loss function. 
In this case, the null hypothesis is rejected if the MAFE of two forecast models are 
statistically different. Values lower than 5% are marked in bold. In either case, if the null 
hypothesis is not rejected, there is not enough statistical evidence to argue that the 
performance of a model is significantly better than the other. Similarly to what we have 
previously noticed, the performance of the forecast models is strongly dependent on the 

29 Hong and Lee (2003) study two additional loss functions: trading return and correct direction. 
They argue that squared and absolute loss may not be appropriate for financial returns, as investors 
eventually aim at maximizing profits, rather than forecast accuracy. 
30 Under mean squared loss, if the dependent variable and its predictors are joint covariance 
stationary, optimal forecast errors have 0 mean (i.e., forecasts are unbiased), have variance which is 
non-decreasing function of the time horizon h, and are at most serially correlated of order ℎ − 1. 
Finally, single-period forecast errors are serially uncorrelated (see Diebold and Lopez, 1996). 
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portfolio under consideration, but it is very similar on the three horizons. For this reason, in 
the following we refer to values in Panel A of the five Tables, unless stated otherwise. 

Under square loss function, the CER, MSI(3), and MSIH(3) models provide 
significantly better performance than the other models only for the market excess returns, 
for which the DM statistic is significant at the 1% level. Considering the absolute loss 
function, this is confirmed and extended to the Momentum factor. However, the DM tests do 
not validate the impression that the MSI(3) and the MSIH(3) lead to superior performance 
to the CER model for SMB, HML, and MOM, as the three models rarely show significant 
differences in predictive accuracy. Furthermore, the underperformance of the TVARX(2,1,1) 
and, especially, of the TVAR(2,2) against Markov switching models is clear from the low p-
values. Results are however mixed when comparing the two threshold models with their 
corresponding linear specification. The dominance of the MSIVARH(3,1) in forecasting 
excess returns of LOWVOL is remarked against all models but the CER and the MSI(3), while 
it outperforms the MSIH(3) only for ℎ = 1. Finally, clear differences between the two loss 
functions can be noticed only with regard to MOM. 

4.2.3 Portfolio exercises 

The DM tests did not give clear-cut indications as to whether MSI(3) and MSIH(3) may be 

significantly more accurate than a simple CER model. In this Section, we demonstrate that 

these forecasting models can in fact be employed to support profitable real-time strategies. 

In the following, we present a portfolio exercise based on two simple switching strategies, 

which we label “Strategy 1” and “Strategy 2”. The two strategies share a common approach 

because, similarly to Pesaran and Timmerman (1995), they rely on pseudo out-of-sample 

forecasted returns to allocate wealth among style portfolios. Nonetheless, they differ in their 

investment rationale and objective.  

In Strategy 1, we use the forecasting models to maximize the excess return of our 

sample portfolio. Therefore, at the beginning of each month, we allocate all the available 

wealth in the single style portfolio that, according to the selected model, is expected to yield 

the higher excess return in the subsequent month. In Strategy 2, we use the models to 

enhance the risk-adjusted return of an equally weighted allocation among style portfolios. 

In practice, we rely on the equally weighted portfolio, but, at the beginning of each month, 

we exclude any asset that is predicted to generate a negative excess return in the subsequent 

month according to a given model. In both strategies, we rebalance the allocation monthly, 

over the sample 1980:01 – 2012:12 and their realized excess return at time 𝑡𝑡 + 1 is: 
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𝑅𝑅𝑡𝑡+1
ℳ𝑖𝑖 = �𝑤𝑤�𝑡𝑡,𝑡𝑡+1

𝑗𝑗,ℳ𝑖𝑖 ∙ 𝑟𝑟𝑡𝑡+1
𝑗𝑗

𝑗𝑗

= �
𝐷𝐷�𝑡𝑡,𝑡𝑡+1
𝑗𝑗,ℳ𝑖𝑖

∑ 𝐷𝐷�𝑡𝑡,𝑡𝑡+1
𝑗𝑗,ℳ𝑖𝑖

𝑗𝑗
𝑟𝑟𝑡𝑡+1
𝑗𝑗

𝑗𝑗

 , 

where ℳ𝑖𝑖  is the model, j is the factor portfolio index, and D is a dummy that differs according 

to the strategy. In Strategy 1, at time t we assign weight 1 to the portfolio that, according to 

model ℳ𝑖𝑖 , yields the highest forecasted excess return, and weight 0 to any other portfolio: 

𝐷𝐷�𝑡𝑡,𝑡𝑡+1
𝑗𝑗,ℳ𝑖𝑖 = �1 𝑖𝑖𝑖𝑖 𝑟̂𝑟𝑡𝑡,𝑡𝑡+1

𝑗𝑗,ℳ𝑖𝑖 = 𝑀𝑀𝑀𝑀𝑀𝑀�𝑟̂𝑟𝑡𝑡,𝑡𝑡+1
𝑗𝑗,ℳ𝑖𝑖�

𝑗𝑗
0 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

 . 

In Strategy 2, at time t we assign an equal weight 1 𝑛𝑛⁄  to each of the n factor portfolios that, 

according to model ℳ𝑖𝑖 , generate non-negative forecasted excess return for time 𝑡𝑡 + 1, and 

weight 0 to the other 5 − 𝑛𝑛 portfolios, which, in turn, generate negative predictions: 

𝐷𝐷�𝑡𝑡,𝑡𝑡+1
𝑗𝑗,ℳ𝑖𝑖 = �1 𝑖𝑖𝑖𝑖 𝑟̂𝑟𝑡𝑡,𝑡𝑡+1

𝑗𝑗,ℳ𝑖𝑖 ≥ 0
0 𝑜𝑜𝑜𝑜ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

 . 

 Transaction costs may strongly affect the two active strategies, as investors 

inevitably face costs, fees, and commissions any time they modify their allocation. In our 

exercise, we present results for three levels of transaction costs: 0, 50, and 100 basis points. 

We also consider their ex-ante impact on monthly allocations: we keep the weights 

unchanged if the increase in total excess return that we expect from a switch is insufficient 

to justify the cost of switching. 

 Table 9 presents the mean, standard deviation, and Sharpe ratio of each exercise. In 

Strategy 1, we recursively look for the model that can maximize portfolio excess returns. 

The MSIH(3) shines in the comparison, as it generates a portfolio with an average annualized 

excess return of 9.58%, which is more than twice the average excess return of the CER 

portfolio. The MSI(3) is the runner up model: its portfolio displays an average excess return 

that is approximately 1% lower than the MSIH(3) portfolio, but well above the average 

excess returns of any other model. Furthermore, the two switching models yield the 

portfolios with the lowest volatility and, as a result, the highest Sharpe ratio. The CER model, 

which selects the best performing allocation on the basis of historical mean excess returns, 

is suboptimal. We can derive further insight into the performance of the three models by 

looking at their allocation among factors (Table 10). The sample mean seems to be sufficient 

to recognize that HML and MOM are likely to have high excess returns. However, the CER 
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model suggests to invest in HML more often than necessary (19% of the times). Markov 

switching models are more effective because they recognize, ex ante, that MOM will be the 

best performing selection: MSI(3) and MSIH(3) select the MOM factor portfolio 98% and 

92% of the time, respectively. Moreover, the two models effectively mitigate periods of 

downturn in MOM by switching allocation to HML, a more defensive portfolio. The other 

models, instead, generate portfolios with lower excess returns and higher volatility. 

 In Strategy 2 we aim at identifying style portfolios predicted to give positive excess 

returns to then perform a static, equally-weighted allocation (EW) among them. We rely on 

the Sharpe ratio to measure risk-adjusted performance and compare the resulting 

portfolios. We can appreciate how, consistently with the literature, EW improves the Sharpe 

ratio of the individual factor-mimicking portfolios (to 0.6914) through a drastic reduction 

in volatility (6.39%). As a result, EW should be the investors’ preferred method in the 

absence of excess return predictions. This result no longer holds once predictability is taken 

into account. Table 9 shows that MSI(3) generates a higher Sharpe ratio (0.7683) than EW, 

mainly due to a higher average excess return (4.91%). The MSIH(3) model, which was the 

top performer in Strategy 1, ranks below EW, as it generates a portfolio with slightly higher 

average excess return (4.66%) but lower Sharpe ratio (0.6147). The other models clearly 

underperform. A key reason is due to their excessive allocation to LOWVOL, which leads to 

severe drags in excess returns. MSIVARH(3,1), nevertheless, is associated to the portfolio 

with the highest mean excess return (6.21%). Consistently with our earlier findings, this is 

due to its ability to identify periods of high positive returns from LOWVOL. 

Transaction costs fail to materially affect the comparisons between the MSI(3), the 

MSIH(3), and the CER model under both Strategies 1 and 2. However, the performance of 

the other forecast models rapidly deteriorates with an increase in switching costs, as their 

recommended allocation relies on a more frequent rebalancing. 

So far, we have calculated mean excess returns, volatility, and Sharpe ratio for the 

entire pseudo out of sample window (1980:01 – 2012:12). The results reported above are, 

therefore, conditional on this sample: they could only be replicated by an investor that 

followed Strategy 1 or Strategy 2 exactly between January 1980 and December 2012. We 

address this limitation by verifying the robustness of our analysis in different subsamples. 

In particular, we first compute the mean excess return and Sharpe ratio that an investor 
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would achieve by following Strategies 1 and 2 from month t to month 𝑡𝑡 + 𝐻𝐻, where H is the 

holding period of the investment. We then calculate the same statistics for an investment 

from month 𝑡𝑡 + 𝐻𝐻 + 1 to month 𝑡𝑡 + 2𝐻𝐻, and proceed in a similar fashion until the end of the 

forecasting window. We obtain a time series of non-overlapping estimates of average excess 

returns and Sharpe ratios for each model, given a holding period H. Finally, we compute the 

mean of these series and the standard error of the mean.31 If the performance of a model 

portfolio is uniform over the out of sample window, we expect means that are similar to the 

full sample statistics. Furthermore, the lower the standard error of the mean the more 

consistent the performance. Table 11 collects estimates for holding periods of 1, 3, and 5 

years. We present the average excess returns under Strategy 1 and the Sharpe ratios from 

Strategy 2. We can appreciate how, similarly to the previous results, the MSI(3) and MSIH(3) 

lead the rankings. Under Strategy 1, MSIH(3) posts an average excess return of 9.6% in the 

full sample and for an investment of 1 or 3 years. The standard error of this estimate is small: 

between 0.8% and 1.0%. Under Strategy 2, the Sharpe ratio from the two models actually 

increases from approximately 0.8 to 1.1. 

4.3 Discussion 
We have performed a horse-race among eight multivariate forecast models, and tested the 
properties of their pseudo out-of-sample predictions of the (excess) returns of five factor-
mimicking portfolios. We could not find statistical evidence that the multivariate 
econometrics models considered are significantly more accurate than a simple constant 
expected return model at forecasting excess returns on the Market, Size, Value, Momentum, 
and Low Volatility portfolios. However, we proved that it is possible to build simple portfolio 
strategies to exploit the higher out-of-sample predictive accuracy of two models with 
Markov switching in conditional mean coefficients. The key results of the analysis are: 

1. Among the eight forecast models considered, no one is statistically superior for all the 
style portfolios analysed. Our purpose was to find the multivariate model which is the 
most accurate at forecasting the excess returns of all the factor portfolios. We found, 
however, no clear winner among the competing model. 

2. The CER, MSI(3), and MSIH(3) models generally lead to better predictive accuracy than  
forecast models that include autoregressive terms. This is especially evident in their 
ability to minimize the MSFE and the MAFE, but less obvious when looking at the 

31 We calculate the standard error of the mean as 𝜎𝜎 √𝑛𝑛⁄ , where 𝜎𝜎 is the standard deviation of the 
estimates and 𝑛𝑛 is number of estimates. 
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forecast bias. The superior performance of models without a lag structure casts 
doubts on the effectiveness of the predictors considered, even though these 
represent the classical predictors in the asset pricing literature. 

3. The MSI(3) and the MSIH(3) models can be used to generate outperforming strategies 
both in absolute and in risk adjusted terms. Diebold-Mariano tests show that there is 
not enough statistical evidence to prove that the two Markov switching model lead 
to significantly more accurate forecasts. However, real-time portfolio exercise 
suggests a different conclusion: the two models generated portfolio allocations that 
clearly outperformed the corresponding benchmarks in Strategy 1 and Strategy 2. 

4. The threshold models considered fail to improve the forecasting performance of the 
corresponding (single-state) linear models. This should not be interpreted as a general 
failure of threshold models, but rather as a shortcoming of the chosen specifications. 
We indeed made restrictive, a priori assumptions on the threshold variable and the 
delay parameter. It would be useful to test whether threshold variables different 
from the market excess returns may lead to more accurate predictions, similarly to 
Guidolin et al (2009). 

5. The relative predictive accuracy of forecast models is strongly heterogeneous across 
factors, while generally homogeneous across the three forecast horizons. The rankings 
in Table 3 show that forecast models that are top performers for some factor-
mimicking portfolios are often not as good for other portfolios. The most striking 
example is the MSIVARH(3,1), which is almost always the top pick in the case of 
LOWVOL, but never the preferred choice for the other portfolios. This outcome 
suggests that, in empirical applications, the relative importance of the factor-
mimicking portfolios is likely to be determinant in the choice of the optimal forecast 
model. Furthermore, we argued that the relative performance of the models is 
independent of the forecasting horizon because the rankings do not materially vary 
across the three horizons analysed. 

6. The Low Volatility factor shows the most complex dynamics. Table 3 suggests that the 
majority of models fail at adapting to the idiosyncratic features and non-normalities 
of the returns of LOWVOL. Predictions from the MSIVARH(3,1) clearly stand out as 
the most accurate according to the indicators considered. Therefore, we argue that 
the MSIVARH(3,1), which is the most flexible among the models considered, should 
be the prevailing choice for the Low Volatility factor. However, the DM tests do not 
support the significance of such results against the CER and the MSI(3) models, and 
Table 2 highlights contrasting results for the unbiasedness properties. 
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7. Inference on the optimal model is conditional on the loss function adopted. The square 
and the absolute loss functions led to negligible differences in results. However, the 
choice of the appropriate model to use should be conducted under a loss function 
that is tailored to individual preferences (i.e., the utility function) of the user. 
Therefore, a change in loss function may skew results in favour of specific models. 

8. In absolute terms, the forecast models are quite inefficient at forecasting factor returns. 
This is evident in the high values of the RMSFE, the FEV, and the MAFE, as well as in 
the low 𝑅𝑅2 of the MZ regressions. 
We showed that forecasts from the eight multivariate forecast models are inaccurate, 

albeit mostly unbiased (point 8). We also reached the conclusion that, under square and 
absolute loss functions, there is no optimal forecast model for all style portfolios (point 1). 
This may lead to believe that a shortcoming lies in the choice of adopting a multivariate, 
rather than univariate, approach. Previous studies have indeed focused on forecasting the 
excess returns of each factor-mimicking portfolio individually, rather than jointly, see Arnott 
et al (1989) and Section 2. A univariate setting is likely to lead to more accurate predictions, 
especially in the case of regime switching models.32 However, a univariate framework would 
not take into account the joint dynamics of factor-mimicking portfolios excess returns, and 
consequently limit the scope of our results. The multivariate nature of this study is useful to 
a number of applications. For instance, any portfolio optimization involving factor-
mimicking portfolios has to deal with the estimation of their expected returns, variances, 
and correlations.33 In particular, Ang et al (2010) show how performance evaluation and 
active asset allocation change when multiple style portfolios are considered. Investors and 
practitioners should also be interested in managing the risks embedded in their portfolios. 
Standard risk management models, such as the parametric Value at Risk (VaR), are based on 
expected returns, volatilities and correlations. The reliability of these models, consequently, 
depends on the accuracy of such estimates. 

5. CONCLUSIONS 

This paper shows that there may be no optimal model to predict the (excess) returns of the 

32 In a multivariate framework, we model the joint probability density function of factor-mimicking 
portfolio excess returns. In a univariate framework, instead, we model the probability density 
function of each factor, independently. Regime switching models are more flexible in the latter case, 
because regime shifts are tailored in order to capture the non-normalities that characterize each 
times series of excess returns. 
33 The use of Markov switching forecast models does not pose an issue. With this regard, Buckley, 
Sanders, and Seco (2008) consider portfolio optimization problems where asset returns are 
distributed as a mixture of multivariate normals. 
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Market, Size, Value, Momentum, and Low Volatility factor-mimicking portfolios. We could 
not find enough statistical evidence to argue that sophisticated models can significantly 
improve over the predictive accuracy of a simple constant expected return model. However, 
we also found that there is value in modelling Markov switches in conditional mean 
coefficients when implementing simple asset allocation strategies across style portfolios. 
These results suggest then that forecasting (excess) returns using models that account for 
regimes should be a matter of key importance to investors seeking to maximize absolute or 
risk-adjusted returns from portfolios that time the state of asset markets. 

These findings should not be taken as applicable to in all situations because they are 
limited to the range of models and predictors considered. Furthermore, they are conditional 
on the specification of a loss function, which we considered to be either square or absolute. 
Hence, they may not be reliable in all empirical applications where the user is adopting a 
tailor-cut economic loss which may be, for instance, asymmetric or different across factor 
portfolios. Similarly, evaluating interval forecasts rather than point forecasts may prove the 
dominance of one of the models that this study considered suboptimal. Finally, the 
multivariate framework of analysis lays the foundations for forecasting experiments that 
involves not only moments of higher order beyond the conditional mean (i.e., simple point 
forecasts), but also correlations among factors. The flexibility of regime switching models 
may prove particularly useful in this respect, and it may shed light on the limitations of the 
constant expected return model, which has performed surprisingly well in our study. 

We outline several extensions of the analysis. First, additional factors and predictors 
could be fruitfully considered. Although the dividend yield, the term spread, and the default 
spread do not contribute to the predictive accuracy of the forecast models considered, there 
may be other variables with more resilient explanatory power.34 It may also be useful to 
evaluate the forecast accuracy of other models, such as Smooth Transition Vector 
Autoregressive models, or to introduce conditional heteroskedasticity in the linear 
specifications. Second, several aspects of the methodology could be further developed. For 
instance, we performed a forecasting experiment on expanding windows of data, which may 
favour regime switching models against single state ones. Comparing out-of-sample 
forecasts on rolling windows of data may change the outcome of the analysis. In addition, 
we relied solely on the DM approach when evaluating differences in the losses across 
models. Other tests of predictive accuracy, such as the van Dijk and Franses’s (2003) 
weighted test of equal prediction accuracy and the Giacomini and White’s (2006) test, would 

34 For instance, market return dispersion (see Stivers and Sun, 2010) or other macroeconomic 
variables (see Sarwar et al, 2015). 
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possibly corroborate our analysis. Third, the results are strongly dependent on the 
measures of bias and accuracy used in the comparison. In turn, these statistics are based on 
a loss function, which we have assumed to be either square or absolute value. The actual 
cost incurred by the user could well be different. Hence, comparing results under additional 
loss functions should provide more information on the appropriateness of the forecast 
models under diverse decision making environments. Finally, we considered only one of the 
possible applications of our methodologies. The outcome might of course have differed in 
case, for instance, we has assessed the performance of the forecasting models under more 
sophisticated portfolio strategies. It remains an exciting strand of research to pursue 
additional tests of multivariate models with regimes. 
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Table 1

Panel A: 1929:01 - 2012:12

Summary Statistics
 Mean  Median  Std. Dev.  Skewness  Kurtosis Jarque-Bera LB(4) LB(4)-squares

Factor-Mimicking Portfolios
Market excess returns 5.17 11.23 19.03 -0.50 9.56 1852 ** 20 ** 172 **
SMB 2.20 0.84 11.03 1.29 15.53 6869 ** 12 * 36 **
HML 5.99 3.36 11.90 1.81 15.40 7010 ** 40 ** 247 **
MOM 6.31 10.04 18.61 -5.19 60.28 142338 ** 28 ** 158 **
LOWVOL -65.79 -29.57 73.46 -10.82 172.19 1221854 ** 189 ** 5

Prediction Variables
Log-Dividend yield -3.34 -3.32 0.46 -0.35 2.84 21 ** 3869 ** 3901 **
Term spread 1.70 1.74 1.28 -0.30 3.34 20 ** 3169 ** 3191 **
Default spread 1.14 0.90 0.70 2.32 10.65 3361 ** 3490 ** 2890 **

Sample Correlations
Excess mkt. SMB HML MOM LOWVOL Log-Div. yield Term spread Default spread

Factor-Mimicking Portfolios
Market excess returns 1.000
SMB 0.328 1.000
HML 0.155 0.148 1.000
MOM -0.335 -0.157 -0.363 1.000
LOWVOL -0.339 -0.562 -0.361 0.384 1.000

Prediction Variables
Log-Dividend yield 0.049 0.034 0.028 -0.071 -0.193 1.000
Term spread 0.058 0.102 0.019 -0.077 -0.141 -0.089 1.000
Default spread -0.035 0.078 0.069 -0.139 -0.360 0.400 0.307 1.000

Panel B: 1980:01 - 2012:12

Summary Statistics
 Mean  Median  Std. Dev.  Skewness  Kurtosis Jarque-Bera LB(4) LB(4)-squares

Factor-Mimicking Portfolios
Market excess returns 5.68 12.95 16.15 -1.01 6.41 259 ** 5 7
SMB 1.11 -0.72 10.65 0.32 10.08 835 ** 8 170 **
HML 4.74 3.95 10.57 0.25 4.97 68 ** 34 ** 176 **
MOM 6.14 9.03 16.94 -2.39 21.36 5940 ** 8 13 *
LOWVOL -38.33 -31.21 35.16 -2.72 20.62 5610 ** 38 ** 8

Prediction Variables
Log-Dividend yield -3.69 -3.71 0.43 0.14 2.05 16 ** 1525 ** 1529 **
Term spread 2.21 2.37 1.47 -0.85 4.00 65 ** 1105 ** 1160 **
Default spread 1.12 0.98 0.48 1.67 6.34 369 ** 1242 ** 1098 **

Sample Correlations
Excess mkt. SMB HML MOM LOWVOL Log-Div. yield Term spread Default spread

Factor-Mimicking Portfolios
Market excess returns 1.000
SMB 0.248 1.000
HML -0.314 -0.115 1.000
MOM -0.119 0.031 -0.045 1.000
LOWVOL -0.503 -0.516 0.129 0.318 1.000

Prediction Variables
Log-Dividend yield 0.067 -0.010 -0.082 -0.025 -0.027 1.000
Term spread 0.045 0.125 -0.054 -0.051 -0.151 -0.012 1.000
Default spread -0.018 0.082 -0.089 -0.142 -0.028 0.585 0.051 1.000
  * Denotes significance at the 5% level
** Denotes significance at the 1% level

Summary statistics for factor-mimicking portfolio excess returns and prediction variables. The table reports a few summary statistics for monthly
factor-mimicking portfolio return series, and the macroeconomic variables employed as predictors of asset returns. The sample period is 1929:01 -
2012:12, for Panel A, and 1980:01 - 2012:12, for Panel B. All returns are expressed in percentage terms. LB(j) denotes the j-th order Ljung-Box
statistics.
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Table 2

h=1 0.8683 0.1687 0.3011 0.1724 0.8152 0.7524 0.8330 0.3049
h=3 0.8678 0.2177 0.2947 0.1230 0.0006 ** 0.8387 0.8548 0.2676
h=12 0.8657 0.0190 * 0.2706 0.0973 0.0000 ** 0.8560 0.8547 0.2983
h=1 0.4929 0.8907 0.9560 0.6517 0.4589 0.7130 0.6806 0.9083
h=3 0.4918 0.6906 0.9822 0.8370 0.2303 0.5426 0.4814 0.1658
h=12 0.4873 0.5013 0.9894 0.5813 0.0000 ** 0.5026 0.5100 0.0938
h=1 0.3635 0.4628 0.5843 0.9726 0.6393 0.6886 0.5932 0.2556
h=3 0.3623 0.6010 0.5659 0.3081 0.2288 0.4303 0.3605 0.3813
h=12 0.3556 0.3441 0.6467 0.2335 0.0000 ** 0.3752 0.3799 0.3758
h=1 0.7871 0.1411 0.1190 0.1009 0.0452 * 0.5078 0.5486 0.0304 *
h=3 0.7873 0.2281 0.1167 0.5638 0.0158 * 0.7152 0.7730 0.0008 **
h=12 0.7887 0.9831 0.0981 0.6938 0.1906 0.7652 0.7681 0.0004 **
h=1 0.0000 ** 0.0189 * 0.0973 0.0103 * 0.5143 0.0001 ** 0.0013 ** 0.6673
h=3 0.0000 ** 0.0934 0.0882 0.0104 * 0.0102 * 0.0000 0.0000 ** 0.2001
h=12 0.0000 ** 0.0820 0.0701 0.0829 0.0000 ** 0.0000 ** 0.0000 ** 0.0685

h=1 0.0948 0.0097 ** 0.0000 ** 0.0000 ** 0.0000 ** 0.8749 0.4002 0.0000 **
h=3 0.0579 0.0000 ** 0.0000 ** 0.0000 ** 0.0000 ** 0.9762 0.4201 0.0297 *
h=12 0.0709 0.0325 * 0.0000 ** 0.0000 ** 0.0000 ** 0.0864 0.9501 0.4331
h=1 0.2812 0.0388 * 0.0000 ** 0.0000 ** 0.0000 ** 0.7279 0.0000 ** 0.0000 **
h=3 0.2520 0.1012 0.0000 ** 0.5503 0.0000 ** 0.2835 0.7797 0.0000 **
h=12 0.3889 0.0021 ** 0.0000 ** 0.0001 ** 0.0000 ** 0.3970 0.1252 0.0965
h=1 0.2556 0.0002 ** 0.0000 ** 0.0000 ** 0.0000 ** 0.6620 0.8454 0.0000 **
h=3 0.0441 * 0.0001 ** 0.0000 ** 0.0412 * 0.0000 ** 0.6934 0.1497 0.0000 **
h=12 0.0026 ** 0.0008 ** 0.0000 ** 0.0004 ** 0.0000 ** 0.0029 ** 0.2956 0.0004 **
h=1 0.2582 0.0043 ** 0.0011 ** 0.0000 ** 0.0000 ** 0.6057 0.8148 0.0000 **
h=3 0.2192 0.0520 0.0014 ** 0.0000 ** 0.0000 ** 0.4625 0.9590 0.0017 **
h=12 0.3823 0.4511 0.0003 ** 0.0504 0.0187 * 0.3537 0.4858 0.0002 **
h=1 0.0000 ** 0.0000 ** 0.0000 ** 0.0000 ** 0.0000 ** 0.0000 ** 0.0000 ** 0.0000 **
h=3 0.0000 ** 0.0000 ** 0.0000 ** 0.0000 ** 0.0000 ** 0.0000 ** 0.0000 ** 0.0000 **
h=12 0.0000 ** 0.0000 ** 0.0000 ** 0.0000 ** 0.0000 ** 0.0000 ** 0.0000 ** 0.0000 **

  * Denotes significance at the 5% level
** Denotes significance at the 1% level

This table collects the results of the tests that we used to verify whether the forecast models are unbiased. Panel A displays the p-values of a Wald
test on the mean of the forecast errors of each model, factor and horizon; we verify whether such means equal to 0. Panel B shows the p-values   
the Mincer and Zarnowitz (1969, MZ) regression; using a joint F-test, we assess whether the expected value of the forecast errors is 0. In both cases,
if the null hypothesis is rejected, then there is evidence that the forecast model is biased.

Panel B: MZ Regression
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Table 3

Excess market SMB HML MOM LOWVOL
1. MSI 1. MSI 1. MSIH 1. MSIH 1. MSI
2. CER 2. VARX 2. MSI 2. MSI 2. CER
3. MSIH 3. CER 3. CER 3. VARX 3. MSIVARH
1. MSI 1. TVARX 1. TVARX 1. MSI 1. MSIVARH
2. CER 2. MSIH 2. MSIH 2. MSIH 2. MSI
3. MSIH 3. CER 3. MSI 3. CER 3. CER
1. MSIH 1. MSI 1. MSIH 1. VARX 1. MSIVARH
2. MSI 2. CER 2. MSI 2. CER 2. MSI
3. CER 3. MSIH 3. CER 3. MSI 3. MSIH
1. CER 1. TVAR 1. CER 1. TVAR 1. MSIVARH
2. MSIH 2. CER 2. VARX 2. MSIVARH 2. TVAR
3. TVAR 3. TVARX 3. VAR 3. TVARX 3. VAR
1. CER 1. MSIVARH 1. TVAR 1. MSIVARH 1. TVAR
2. MSIH 2. MSIH 2. TVARX 2. TVAR 2. MSIVARH
3. MSI 3. CER 3. CER 3. VAR 3. VARX
1. CER 1. MSIVARH 1. TVAR 1. MSIVARH 1. TVAR
2. MSI 2. CER 2. TVARX 2. VAR 2. MSIVARH
3. MSIH 3. MSI 3. VARX 3. TVAR 3. TVARX
1. MSI 1. MSI 1. MSIH 1. MSIH 1. MSI
2. CER 2. VARX 2. MSI 2. MSI 2. CER
3. MSIH 3. CER 3. CER 3. VARX 3. MSIVARH
1. MSI 1. TVARX 1. TVARX 1. MSI 1. MSI
2. CER 2. MSIH 2. MSIH 2. VAR 2. CER
3. MSIH 3. CER 3. MSI 3. VARX 3. MSIH
1. VARX 1. MSI 1. MSIH 1. VARX 1. MSI
2. MSIH 2. CER 2. MSI 2. CER 2. CER
3. MSIVARH 3. MSIH 3. CER 3. MSI 3. MSIH
1. CER 1. TVARX 1. MSIH 1. MSIH 1. MSI
2. MSI 2. VARX 2. MSI 2. MSI 2. MSIVARH
3. MSIH 3. MSI 3. CER 3. CER 3. CER
1. MSI 1. TVARX 1. MSIH 1. MSI 1. MSIVARH
2. CER 2. MSIH 2. TVARX 2. CER 2. MSI
3. MSIH 3. VARX 3. MSI 3. MSIH 3. CER
1. MSIH 1. MSI 1. MSIH 1. MSI 1. MSIVARH
2. CER 2. CER 2. MSI 2. CER 2. MSI
3. MSI 3. MSIH 3. CER 3. MSIH 3. MSIH
1. MSI 1. MSI 1. TVAR 1. TVAR 1. MSIH
2. CER 2. MSIH 2. VAR 2. TVARX 2. MSI
3. MSIH 3. CER 3. VARX 3. MSIVARH 3. CER
1. MSIH 1. TVARX 1. TVAR 1. TVAR 1. MSI
2. CER 2. MSIH 2. VAR 2. MSIVARH 2. CER
3. MSI 3. VARX 3. TVARX 3. VARX 3. MSIH
1. CER 1. TVARX 1. VAR 1. TVAR 1. MSI
2. MSI 2. VARX 2. MSIVARH 2. MSIVARH 2. CER
3. MSIH 3. TVAR 3. VARX 3. VAR 3. MSIH
1. CER 1. MSIH 1. MSIH 1. CER 1. MSIVARH
2. MSI 2. MSI 2. MSI 2. MSI 2. MSIH
3. VARX 3. CER 3. MSIVARH 3. MSIH 3. VARX
1. CER 1. MSIH 1. MSIVARH 1. CER 1. TVAR
2. MSI 2. CER 2. VARX 2. MSIH 2. MSIVARH
3. MSIH 3. MSI 3. MSI 3. MSIH 3. VAR
1. CER 1. MSIH 1. MSIVARH 1. TVARX 1. TVAR
2. MSI 2. CER 2. CER 2. MSIH 2. VARX
3. MSIH 3. MSI 3. MSI 3. CER 3. MSIVARH

Overview of the forecasting performance: best three predictive models according to alternative criteria.
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Panel B

h=1 h=3 h=12 Excess mkt. SMB HML MOM LOWVOL Total
CER 70% 60% 67% 94% 78% 50% 50% 56% 66%
VARX(1,1) 30% 20% 23% 11% 33% 28% 33% 17% 24%
VAR(2) 10% 13% 10% 0% 0% 22% 22% 11% 11%
TVARX(2,1,1) 13% 30% 13% 0% 39% 33% 17% 6% 19%
TVAR(2,2) 20% 20% 20% 6% 11% 22% 33% 28% 20%
MSI(3) 73% 60% 70% 89% 61% 67% 56% 67% 68%
MSIH(3) 57% 70% 63% 94% 67% 56% 56% 44% 63%
MSIVARH(3,1) 27% 27% 33% 6% 11% 22% 33% 72% 29%

Forecasting Horizon Factor portfolio

Note: Panel B presents the percentage of times with which each model appears among the top three candidates in
Panel A.
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Table 4
The Diebold-Mariano equal predictive accuracy tests: Market excess returns.

CER VARX(1,1) VAR(2) TVARX(2,1,1) TVAR(2,2) MSI(3) MSIH(3) MSIVARH(3,1)
CER NaN 0.010 0.001 0.004 0.000 0.730 0.738 0.029
VARX(1,1) 0.219 NaN 0.060 0.150 0.001 0.012 0.024 0.336
VAR(2) 0.003 0.007 NaN 0.718 0.006 0.001 0.001 0.927
TVARX(2,1,1) 0.030 0.055 0.567 NaN 0.009 0.005 0.008 0.865
TVAR(2,2) 0.003 0.006 0.014 0.013 NaN 0.000 0.000 0.029
MSI(3) 0.793 0.200 0.003 0.021 0.002 NaN 0.925 0.039
MSIH(3) 0.756 0.267 0.004 0.035 0.003 0.716 NaN 0.025
MSIVARH(3,1) 0.072 0.138 0.858 0.594 0.022 0.077 0.059 NaN

CER VARX(1,1) VAR(2) TVARX(2,1,1) TVAR(2,2) MSI(3) MSIH(3) MSIVARH(3,1)
CER NaN 0.000 0.003 0.001 0.010 0.720 0.418 0.025
VARX(1,1) 0.027 NaN 0.903 0.946 0.630 0.000 0.001 0.020
VAR(2) 0.005 0.471 NaN 0.926 0.718 0.003 0.004 0.028
TVARX(2,1,1) 0.041 0.865 0.422 NaN 0.613 0.001 0.002 0.022
TVAR(2,2) 0.068 0.514 0.840 0.453 NaN 0.009 0.014 0.089
MSI(3) 0.115 0.022 0.004 0.033 0.061 NaN 0.411 0.022
MSIH(3) 0.683 0.032 0.006 0.048 0.074 0.353 NaN 0.038
MSIVARH(3,1) 0.238 0.114 0.011 0.139 0.134 0.189 0.262 NaN

CER VARX(1,1) VAR(2) TVARX(2,1,1) TVAR(2,2) MSI(3) MSIH(3) MSIVARH(3,1)
CER NaN 0.075 0.006 0.001 0.000 0.066 0.491 0.271
VARX(1,1) 0.634 NaN 0.021 0.116 0.000 0.076 0.063 0.036
VAR(2) 0.005 0.002 NaN 0.727 0.000 0.006 0.005 0.003
TVARX(2,1,1) 0.020 0.058 0.589 NaN 0.001 0.001 0.001 0.007
TVAR(2,2) 0.003 0.002 0.005 0.018 NaN 0.000 0.000 0.000
MSI(3) 0.840 0.633 0.005 0.020 0.003 NaN 0.392 0.277
MSIH(3) 0.365 0.585 0.004 0.018 0.003 0.361 NaN 0.228
MSIVARH(3,1) 0.868 0.501 0.001 0.030 0.002 0.867 0.763 NaN

Panel A: 1-month horizon

Panel B: 3-month horizon

Panel C: 12-month horizon

Note: The table presents p -values for Diebold and Mariano's (1995, DM) tests of no difference in predictive accuracy.
Boldfaced p -values are below the 5% threshold. In each panel, in cells above the main diagonal we report p -values under an
absolute loss function; in cells below the main diagonal we show p -values under a square loss function.
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Table 5
The Diebold-Mariano equal predictive accuracy tests: SMB.

CER VARX(1,1) VAR(2) TVARX(2,1,1) TVAR(2,2) MSI(3) MSIH(3) MSIVARH(3,1)
CER NaN 0.243 0.786 0.204 0.000 0.250 0.246 0.051
VARX(1,1) 0.916 NaN 0.048 0.520 0.000 0.483 0.083 0.002
VAR(2) 0.262 0.117 NaN 0.067 0.000 0.530 0.819 0.056
TVARX(2,1,1) 0.563 0.480 0.900 NaN 0.000 0.355 0.066 0.000
TVAR(2,2) 0.000 0.000 0.000 0.001 NaN 0.000 0.000 0.000
MSI(3) 0.520 0.941 0.209 0.533 0.000 NaN 0.008 0.025
MSIH(3) 0.116 0.105 0.994 0.869 0.000 0.081 NaN 0.077
MSIVARH(3,1) 0.052 0.030 0.103 0.004 0.202 0.048 0.053 NaN

CER VARX(1,1) VAR(2) TVARX(2,1,1) TVAR(2,2) MSI(3) MSIH(3) MSIVARH(3,1)
CER NaN 0.955 0.885 0.655 0.000 0.919 0.156 0.003
VARX(1,1) 0.788 NaN 0.855 0.513 0.000 0.948 0.908 0.027
VAR(2) 0.405 0.443 NaN 0.666 0.000 0.889 0.811 0.144
TVARX(2,1,1) 0.545 0.399 0.385 NaN 0.000 0.648 0.755 0.067
TVAR(2,2) 0.000 0.000 0.011 0.000 NaN 0.000 0.000 0.004
MSI(3) 0.590 0.830 0.418 0.529 0.000 NaN 0.193 0.003
MSIH(3) 0.341 0.714 0.378 0.590 0.000 0.221 NaN 0.001
MSIVARH(3,1) 0.040 0.063 0.806 0.219 0.011 0.045 0.033 NaN

CER VARX(1,1) VAR(2) TVARX(2,1,1) TVAR(2,2) MSI(3) MSIH(3) MSIVARH(3,1)
CER NaN 0.365 0.714 0.371 0.073 0.290 0.376 0.154
VARX(1,1) 0.003 NaN 0.914 0.659 0.076 0.360 0.392 0.875
VAR(2) 0.473 0.670 NaN 0.713 0.222 0.710 0.735 0.839
TVARX(2,1,1) 0.088 0.236 0.930 NaN 0.177 0.367 0.393 0.931
TVAR(2,2) 0.030 0.033 0.055 0.064 NaN 0.072 0.074 0.217
MSI(3) 0.436 0.003 0.472 0.087 0.030 NaN 0.293 0.152
MSIH(3) 0.158 0.011 0.485 0.097 0.030 0.114 NaN 0.175
MSIVARH(3,1) 0.324 0.364 0.572 0.259 0.052 0.323 0.398 NaN

Panel C: 12-month forecast horizon

Note: The table presents p -values for Diebold and Mariano's (1995, DM) tests of no difference in predictive accuracy.
Boldfaced p -values are below the 5% threshold. In each panel, in cells above the main diagonal we report p -values under an
absolute loss function; in cells below the main diagonal we show p -values under a square loss function.

Panel A: 1-month forecast horizon

Panel B: 3-month forecast horizon
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Table 6
The Diebold-Mariano equal predictive accuracy tests: HML.

CER VARX(1,1) VAR(2) TVARX(2,1,1) TVAR(2,2) MSI(3) MSIH(3) MSIVARH(3,1)
CER NaN 0.288 0.367 0.745 0.000 0.879 0.042 0.068
VARX(1,1) 0.427 NaN 1.000 0.445 0.000 0.332 0.025 0.257
VAR(2) 0.394 0.865 NaN 0.519 0.000 0.390 0.049 0.315
TVARX(2,1,1) 0.624 0.984 0.957 NaN 0.000 0.707 0.095 0.119
TVAR(2,2) 0.002 0.003 0.003 0.013 NaN 0.000 0.000 0.025
MSI(3) 0.582 0.418 0.385 0.585 0.003 NaN 0.008 0.080
MSIH(3) 0.083 0.127 0.123 0.291 0.001 0.053 NaN 0.006
MSIVARH(3,1) 0.194 0.268 0.398 0.353 0.030 0.220 0.080 NaN

CER VARX(1,1) VAR(2) TVARX(2,1,1) TVAR(2,2) MSI(3) MSIH(3) MSIVARH(3,1)
CER NaN 0.342 0.417 0.599 0.001 0.209 0.022 0.019
VARX(1,1) 0.120 NaN 0.718 0.237 0.011 0.250 0.127 0.128
VAR(2) 0.219 0.921 NaN 0.284 0.169 0.362 0.237 0.406
TVARX(2,1,1) 0.583 0.206 0.166 NaN 0.002 0.724 0.919 0.036
TVAR(2,2) 0.005 0.066 0.226 0.002 NaN 0.001 0.000 0.589
MSI(3) 0.507 0.090 0.182 0.638 0.005 NaN 0.110 0.011
MSIH(3) 0.120 0.093 0.123 0.804 0.002 0.297 NaN 0.008
MSIVARH(3,1) 0.072 0.623 0.795 0.136 0.224 0.056 0.047 NaN

CER VARX(1,1) VAR(2) TVARX(2,1,1) TVAR(2,2) MSI(3) MSIH(3) MSIVARH(3,1)
CER NaN 0.451 0.127 0.440 0.000 0.108 0.354 0.186
VARX(1,1) 0.467 NaN 0.565 0.782 0.074 0.439 0.420 0.528
VAR(2) 0.131 0.520 NaN 0.482 0.205 0.121 0.112 0.929
TVARX(2,1,1) 0.445 0.889 0.269 NaN 0.028 0.427 0.404 0.413
TVAR(2,2) 0.001 0.289 0.501 0.278 NaN 0.000 0.000 0.140
MSI(3) 0.436 0.461 0.127 0.439 0.001 NaN 0.501 0.179
MSIH(3) 0.199 0.448 0.119 0.425 0.001 0.321 NaN 0.169
MSIVARH(3,1) 0.269 0.909 0.559 0.950 0.247 0.261 0.253 NaN

Note: The table presents p -values for Diebold and Mariano's (1995, DM) tests of no difference in predictive accuracy.
Boldfaced p -values are below the 5% threshold. In each panel, in cells above the main diagonal we report p -values under an
absolute loss function; in cells below the main diagonal we show p -values under a square loss function.

Panel A: 1-month forecast horizon

Panel B: 3-month forecast horizon

Panel C: 12-month forecast horizon
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Table 7
The Diebold-Mariano equal predictive accuracy tests: MOM.

CER VARX(1,1) VAR(2) TVARX(2,1,1) TVAR(2,2) MSI(3) MSIH(3) MSIVARH(3,1)
CER NaN 0.970 0.904 0.399 0.115 0.507 0.446 0.121
VARX(1,1) 0.196 NaN 0.680 0.125 0.117 0.485 0.407 0.037
VAR(2) 0.368 0.547 NaN 0.207 0.124 0.380 0.328 0.078
TVARX(2,1,1) 0.022 0.029 0.038 NaN 0.184 0.107 0.091 0.398
TVAR(2,2) 0.009 0.036 0.024 0.168 NaN 0.087 0.092 0.261
MSI(3) 0.792 0.164 0.331 0.018 0.008 NaN 0.701 0.042
MSIH(3) 0.652 0.141 0.285 0.016 0.011 0.720 NaN 0.041
MSIVARH(3,1) 0.031 0.226 0.177 0.980 0.182 0.028 0.027 NaN

CER VARX(1,1) VAR(2) TVARX(2,1,1) TVAR(2,2) MSI(3) MSIH(3) MSIVARH(3,1)
CER NaN 0.985 0.973 0.404 0.068 0.104 0.596 0.112
VARX(1,1) 0.020 NaN 0.978 0.321 0.078 0.895 0.947 0.533
VAR(2) 0.461 0.404 NaN 0.370 0.083 0.894 0.940 0.573
TVARX(2,1,1) 0.008 0.273 0.144 NaN 0.192 0.371 0.378 0.664
TVAR(2,2) 0.008 0.179 0.100 0.501 NaN 0.059 0.062 0.108
MSI(3) 0.020 0.011 0.369 0.005 0.005 NaN 0.526 0.059
MSIH(3) 0.814 0.019 0.473 0.008 0.009 0.069 NaN 0.107
MSIVARH(3,1) 0.452 0.174 0.780 0.067 0.016 0.294 0.489 NaN

CER VARX(1,1) VAR(2) TVARX(2,1,1) TVAR(2,2) MSI(3) MSIH(3) MSIVARH(3,1)
CER NaN 0.932 0.819 0.313 0.058 0.738 0.703 0.015
VARX(1,1) 0.178 NaN 0.800 0.216 0.053 0.927 0.874 0.061
VAR(2) 0.423 0.691 NaN 0.991 0.948 0.820 0.826 0.658
TVARX(2,1,1) 0.039 0.093 0.981 NaN 0.790 0.318 0.350 0.255
TVAR(2,2) 0.030 0.152 0.993 0.967 NaN 0.058 0.050 0.122
MSI(3) 0.409 0.175 0.422 0.039 0.030 NaN 0.730 0.014
MSIH(3) 0.353 0.209 0.438 0.048 0.036 0.301 NaN 0.016
MSIVARH(3,1) 0.345 0.905 0.757 0.603 0.491 0.341 0.366 NaN

Panel A: 1-month forecast horizon

Panel B: 3-month forecast horizon

Panel C: 12-month forecast horizon

Note: The table presents p -values for Diebold and Mariano's (1995, DM) tests of no difference in predictive accuracy.
Boldfaced p -values are below the 5% threshold. In each panel, in cells above the main diagonal we report p -values under an
absolute loss function; in cells below the main diagonal we show p -values under a square loss function.
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Table 8
The Diebold-Mariano equal predictive accuracy tests: LOWVOL.

CER VARX(1,1) VAR(2) TVARX(2,1,1) TVAR(2,2) MSI(3) MSIH(3) MSIVARH(3,1)
CER NaN 0.000 0.000 0.000 0.000 0.604 0.006 0.229
VARX(1,1) 0.000 NaN 0.007 0.672 0.000 0.000 0.717 0.003
VAR(2) 0.000 0.070 NaN 0.005 0.096 0.000 0.381 0.000
TVARX(2,1,1) 0.000 0.231 0.017 NaN 0.000 0.000 0.605 0.013
TVAR(2,2) 0.000 0.001 0.017 0.000 NaN 0.000 0.174 0.000
MSI(3) 0.001 0.000 0.000 0.000 0.000 NaN 0.001 0.163
MSIH(3) 0.129 0.009 0.001 0.033 0.000 0.001 NaN 0.032
MSIVARH(3,1) 0.383 0.000 0.000 0.000 0.000 0.266 0.031 NaN

CER VARX(1,1) VAR(2) TVARX(2,1,1) TVAR(2,2) MSI(3) MSIH(3) MSIVARH(3,1)
CER NaN 0.017 0.000 0.012 0.000 0.201 0.890 0.753
VARX(1,1) 0.101 NaN 0.000 0.375 0.005 0.013 0.016 0.002
VAR(2) 0.000 0.000 NaN 0.000 0.151 0.000 0.000 0.000
TVARX(2,1,1) 0.049 0.446 0.000 NaN 0.057 0.009 0.006 0.004
TVAR(2,2) 0.000 0.000 0.576 0.007 NaN 0.000 0.000 0.000
MSI(3) 0.063 0.059 0.000 0.024 0.000 NaN 0.565 0.930
MSIH(3) 0.652 0.122 0.000 0.045 0.000 0.167 NaN 0.689
MSIVARH(3,1) 0.241 0.004 0.000 0.003 0.000 0.493 0.143 NaN

CER VARX(1,1) VAR(2) TVARX(2,1,1) TVAR(2,2) MSI(3) MSIH(3) MSIVARH(3,1)
CER NaN 0.041 0.019 0.043 0.006 0.000 0.325 0.688
VARX(1,1) 0.048 NaN 0.115 0.546 0.233 0.039 0.041 0.018
VAR(2) 0.009 0.214 NaN 0.122 0.920 0.019 0.019 0.013
TVARX(2,1,1) 0.041 0.794 0.217 NaN 0.206 0.042 0.044 0.020
TVAR(2,2) 0.004 0.216 0.620 0.201 NaN 0.006 0.006 0.004
MSI(3) 0.000 0.045 0.009 0.038 0.004 NaN 0.394 0.765
MSIH(3) 0.277 0.047 0.009 0.040 0.004 0.194 NaN 0.731
MSIVARH(3,1) 0.450 0.007 0.002 0.005 0.001 0.530 0.486 NaN

Panel A: 1-month forecast horizon

Panel B: 3-month forecast horizon

Panel C: 12-month forecast horizon

Note: The table presents p -values for Diebold and Mariano's (1995, DM) tests of no difference in predictive accuracy.
Boldfaced p -values are below the 5% threshold. In each panel, in cells above the main diagonal we report p -values under an
absolute loss function; in cells below the main diagonal we show p -values under a square loss function.
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Table 9

MKT-RF SMB HML MOM LOWVOL EW
No transaction costs

Mean 5.7% 1.1% 4.7% 6.1% -38.3% 4.4%
St. Deviation 16.1% 10.6% 10.6% 16.9% 35.1% 6.4%
Sharpe Ratio 0.352 0.104 0.449 0.363 -1.092 0.691

CER VARX(1,1) VAR(2) TVARX(2,1,1) TVAR(2,2) MSI(3) MSIH(3) MSIVARH(3,1)
No transaction costs

Mean 4.5% 3.1% -3.4% 5.2% -5.1% 8.3% 9.6% 6.7%
St. Deviation 16.8% 16.4% 21.1% 18.2% 21.7% 15.0% 14.5% 15.1%
Sharpe Ratio 0.271 0.187 -0.163 0.286 -0.236 0.557 0.661 0.443

Low transaction costs
Mean 4.4% -0.5% -6.7% 1.6% -9.1% 8.3% 9.0% 3.6%
St. Deviation 16.7% 16.5% 21.1% 18.3% 21.8% 15.0% 14.6% 15.1%
Sharpe Ratio 0.261 -0.028 -0.319 0.088 -0.420 0.556 0.615 0.237

High transaction costs
Mean 3.4% -3.0% -10.6% -1.4% -12.9% 8.2% 9.0% 0.3%
St. Deviation 16.2% 16.6% 21.1% 18.5% 21.8% 14.9% 14.5% 15.2%
Sharpe Ratio 0.209 -0.181 -0.503 -0.075 -0.591 0.546 0.623 0.021

CER VARX(1,1) VAR(2) TVARX(2,1,1) TVAR(2,2) MSI(3) MSIH(3) MSIVARH(3,1)
No transaction costs

Mean 4.4% 3.3% -0.9% 3.5% -0.9% 4.9% 4.7% 6.2%
St. Deviation 6.4% 9.3% 12.0% 11.5% 10.4% 6.4% 7.6% 11.0%
Sharpe Ratio 0.691 0.360 -0.071 0.301 -0.089 0.768 0.615 0.567

Low transaction costs
Mean 4.4% 1.6% -3.6% 0.5% -3.2% 4.9% 4.1% 4.3%
St. Deviation 6.4% 9.2% 12.4% 11.5% 10.5% 6.4% 7.1% 11.0%
Sharpe Ratio 0.691 0.173 -0.289 0.046 -0.302 0.763 0.574 0.389

High transaction costs
Mean 4.4% 0.0% -5.3% -1.4% -4.9% 4.8% 3.5% 2.6%
St. Deviation 6.4% 9.4% 12.3% 11.4% 10.6% 6.4% 7.0% 10.9%
Sharpe Ratio 0.691 -0.003 -0.431 -0.121 -0.460 0.758 0.501 0.241

The table collects the results of the two pseudo out-of-sample portfolio exercises. All data is annualized and calculated over the sample 
1980:01 - 2012:12. EW is a portfolio with equal weights in MKT-RF, SMB, HML, and MOM. Low transaction costs and high transaction costs 
indicate, respectively, 50bps and 100bps. Values in bold show the best result in each measure and strategy.
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Table 10

CER VARX(1,1) VAR(2) TVARX(2,1,1) TVAR(2,2) MSI(3) MSIH(3) MSIVARH(3,1)
No transaction costs

MKT-RF - 8.3% 14.1% 10.4% 13.9% - 0.5% 19.9%
SMB - 8.3% 6.8% 11.1% 24.0% - - 8.1%
HML 19.2% 26.8% 23.2% 18.9% 10.9% 2.3% 7.6% 14.9%
MOM 80.8% 39.9% 32.3% 41.4% 22.2% 97.7% 91.9% 51.8%
LOWVOL - 16.7% 23.5% 18.2% 29.0% - - 5.3%

Low transaction costs
MKT-RF - 8.6% 14.1% 9.8% 13.9% - - 20.2%
SMB - 8.1% 7.1% 10.9% 24.2% - - 7.8%
HML 2.8% 26.8% 22.7% 19.2% 10.6% 2.5% 7.8% 14.1%
MOM 97.2% 39.9% 33.1% 41.9% 22.0% 97.5% 92.2% 52.5%
LOWVOL - 16.7% 23.0% 18.2% 29.3% - - 5.3%

High transaction costs
MKT-RF - 8.6% 14.1% 10.1% 13.6% - - 20.7%
SMB - 7.6% 7.3% 10.6% 24.2% - - 8.1%
HML 49.7% 27.0% 22.5% 18.9% 10.6% 2.5% 8.1% 13.9%
MOM 50.3% 39.9% 33.1% 42.2% 22.2% 97.5% 91.9% 52.0%
LOWVOL - 16.9% 23.0% 18.2% 29.3% - - 5.3%

CER VARX(1,1) VAR(2) TVARX(2,1,1) TVAR(2,2) MSI(3) MSIH(3) MSIVARH(3,1)
No transaction costs

MKT-RF 25.0% 16.6% 17.0% 16.5% 20.5% 25.2% 22.6% 20.9%
SMB 25.0% 18.7% 17.4% 19.4% 20.7% 25.2% 21.7% 17.1%
HML 25.0% 27.3% 24.6% 24.6% 20.4% 25.2% 29.2% 22.4%
MOM 25.0% 27.4% 27.1% 28.7% 25.0% 24.5% 26.6% 34.6%
LOWVOL - 10.0% 13.5% 10.8% 13.4% - 0.0% 4.5%

Low transaction costs
MKT-RF 25.0% 16.9% 17.1% 16.3% 20.7% 25.2% 23.4% 20.7%
SMB 25.0% 18.6% 17.0% 19.4% 20.4% 25.2% 22.6% 17.2%
HML 25.0% 27.2% 24.5% 24.8% 20.4% 25.2% 28.3% 22.2%
MOM 25.0% 27.3% 27.6% 28.8% 25.0% 24.5% 25.7% 35.2%
LOWVOL - 10.0% 13.6% 10.7% 13.4% - 0.0% 4.4%

High transaction costs
MKT-RF 25.0% 17.2% 17.0% 16.3% 20.8% 25.2% 23.8% 21.1%
SMB 25.0% 17.9% 16.8% 19.3% 20.2% 25.2% 23.1% 17.1%
HML 25.0% 27.1% 25.1% 25.0% 20.5% 25.2% 27.8% 22.1%
MOM 25.0% 27.6% 27.4% 28.6% 25.2% 24.5% 25.3% 34.9%
LOWVOL - 10.2% 13.5% 10.7% 13.3% - - 4.4%

The table collects the average allocation suggested by the forecasting models for each strategy and factor-mimicking portfolio. Low 
transaction costs and high transaction costs indicate, respectively, 50bps and 100bps.
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Table 11

MKT-RF SMB HML MOM LOWVOL EW
Holding Period Average Excess Return: Mean

1 5.7% 1.1% 4.7% 6.1% -38.3% 4.4%
3 5.7% 1.1% 4.7% 6.1% -38.3% 4.4%
5 5.9% 0.6% 4.9% 5.2% -40.7% 4.1%

Holding Period Average Sharpe Ratio: Mean
1 0.646 0.000 0.393 0.767 -1.270 1.147
3 0.487 0.132 0.433 0.585 -1.071 0.920
5 0.539 0.056 0.478 0.496 -1.203 0.867

CER VARX(1,1) VAR(2) TVARX(2,1,1) TVAR(2,2) MSI(3) MSIH(3) MSIVARH(3,1)
Holding Period Average Excess Return: Mean

1 4.5% 3.1% -3.4% 5.2% -5.1% 8.3% 9.6% 6.7%
3 4.5% 3.1% -3.4% 5.2% -5.1% 8.3% 9.6% 6.7%
5 4.4% 1.4% -5.1% 3.5% -5.6% 7.6% 8.0% 6.2%

Holding Period Average Excess Return: Standard Error of the Mean
1 0.9% 0.9% 1.1% 1.0% 1.0% 0.6% 0.8% 0.6%
3 0.7% 1.1% 1.0% 1.0% 1.0% 0.6% 1.0% 0.6%
5 1.0% 1.4% 1.5% 0.8% 1.7% 0.7% 1.0% 0.5%

CER VARX(1,1) VAR(2) TVARX(2,1,1) TVAR(2,2) MSI(3) MSIH(3) MSIVARH(3,1)
Holding Period Average Sharpe Ratio: Mean

1 1.147 0.682 0.194 0.619 0.075 1.189 1.193 0.958
3 0.920 0.504 0.114 0.518 0.093 0.988 0.950 0.767
5 0.867 0.342 -0.036 0.311 0.004 0.940 0.824 0.764

Holding Period Average Sharpe Ratio: Standard Error of the Mean
1 0.225 0.197 0.182 0.187 0.186 0.217 0.224 0.168
3 0.257 0.263 0.229 0.237 0.217 0.220 0.275 0.147
5 0.277 0.272 0.242 0.231 0.229 0.236 0.278 0.207

The table displays the average excess return and Sharpe ratio of an investor for each combination of strategy, forecasting model and holding 
period. Holding periods indicate an investor that entered the portfolio at any given point in time and held it for an equivalent amount of time 
(in years). We use non-overlapping investment periods and assume no transaction costs. Values in bold show the best result in each measure, 
strategy, and holding period.
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